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Constrained Hamiltonian systems represent a special class of differential algebraic equations
appearing in many mechanical problems. We survey some possibilities for exploiting their
rich geometric structures in the numerical integration of the systems. Our main theme is
the construction of underlying equations for which the constraint manifold possesses good
stability properties. As an application we compare position and momentum projections for
systems with externally imposed holonomic constraints.
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1 Introduction

Hamiltonian mechanics [14] is an old and important tool for the energy-based modelling of
mechanical (and other) systems without friction. Compared with other approaches to classical
mechanics like Newtonian or Lagrangian formulations, it possesses a particularly rich geome-
try [1]. For example, in canonical transformations positions and momenta may be transformed
independently, whereas in Lagrangian mechanics the transformation of the velocities follows
from the one of the positions via the chain rule. On the theoretical side, this gives us more
freedom in choosing a suitable representation for a Hamiltonian systems; on the practical side,
this observation is the basis of symplectic integrators [16, 26].

The modelling of larger mechanical systems almost inevitably leads to constraints. This is
for example the case, if a modular approach has been taken where a larger system is broken up
in smaller subsystems. Connecting the models for the subsystems yields constraints between
previously independent variables. In modern theoretical physics, gauge symmetries (or gauge
fixing conditions) are a natural source for constraints. If constraints are present, the true
phase space in which the dynamics of the system takes place is only a subset of the originally
chosen phase space. Its determination is complicated by the possible existence of further
hidden constraints. Because of the constraints, one needs differential algebraic equations for
the modelling (one also speaks of the descriptor form of the equations of motion). Their
numerical analysis is by now fairly well understood [7, 17, 23] and a number of software
packages are available.
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4 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

On the true phase space the equations of motion become a standard ordinary differential
equation (often called the state space form of the system) which could be integrated by any
standard method. In practice, it is often impossible (or at least very expensive) to perform this
reduction. An alternative is the use of an underlying equation; this is an ordinary differential
equation defined on the whole phase space which coincides on the true phase space with the
state space form. Such underlying equations are usually not difficult to obtain.

The simplest approach to solve a differential algebraic equation consists of integrating
an underlying equation. It has the advantage that standard methods for ordinary differential
equations can be applied, but it suffers potentially from a drift off from the true phase space
due to numerical errors. This drift may be considered as a stability problem: the basic question
is whether the constraint manifold is attractive or repulsive for the underlying equation.

There are two fundamental strategies to tackle this problem. Stabilisation techniques try to
find an underlying equation for which the true phase space is at least not repulsive. Alterna-
tively, one designs special numerical methods ensuring that the approximate solution satisfies
the constraints (or at least some of them). Typically, this involves (at least implicitly) some
form of projections on the true phase space.

The two strategies should be considered as complementary. Even if one uses special in-
tegrators preserving the constraints, the obtained results will benefit from a more stable for-
mulation of the equations of motion. First of all, if the constraint manifold is attractive, less
projections are needed reducing the computational effort. Secondly, while projections obvi-
ously ensure the preservation of the constraints, it is not guaranteed that the projected point is
close to the true trajectory: the shorter the distance over which one must project, the smaller
the errors introduced that way.

The main theme of this article is to show that various physically motivated formulations of
the equations of motion of a constrained Hamiltonian system may be understood as stabili-
sation techniques, although the original motivations of their derivation were often completely
different problems like quantisation. More precisely, we will first study the classical Dirac
theory of constrained Hamiltonian systems [11, 12] which has been applied for the numerical
integration of the systems in [20, 31]. Then we turn our attention to the impetus-striction
formalism. It was introduced under this name by Dichmann et al. [9, 10, 22] mainly for field
theories and appeared independently at several other places [19, 25, 33] in the context of the
numerical analysis of mechanical systems. We will present a new purely Hamiltonian point
of view of it as a canonical momentum projection.

As an application of these results, we compare the effect of position and momentum projec-
tions. In systems with externally imposed constraints the momentum constraints are hidden.
For this reason, they are often neglected in the numerical integration and only position projec-
tions are used. However, we will show that momentum projections are not only cheaper but
also more effective. While our analysis makes significant use of techniques specific to Hamil-
tonian systems like canonical transformations, it should be emphasised that the result holds
for much larger classes of systems. Alishenas [2, 3] obtained for example identical results for
Lagrangian systems using classical error analysis techniques.

This article is organised as follows. The next section reviews some basic notions from
Hamiltonian mechanics which are needed later. Section 3 covers the classical Dirac the-
ory and derives in particular the Hamilton-Dirac equations. We then specialise the results to
regular systems with externally imposed constraints. Section 5 derives the impetus-striction
formalism in a novel purely Hamiltonian manner showing that it consists effectively of a

Copyright line will be provided by the publisher



gamm header will be provided by the publisher 5

canonical transformation. Afterwards we discuss the interpretation of this transformation as
a momentum projection. Section 7 applies the theory developed so far for a comparison of
position and momentum projections. Finally, we verify our theoretical results on a simple
example, namely the planar pendulum in Cartesian coordinates.

2 Hamiltonian Mechanics

The traditional starting point for the modelling of a mechanical system is not directly the
Hamiltonian formulation but the Lagrangian one. lgbe (generalised) coordinates in an
N-dimensional configuration spac& We restrict our presentation to autonomous systems,
as explicit time dependencies can always be treated by considering the time as additional
coordinate in an extended configuration space. The Lagrangian is then a real-valued function
L(g, ¢) on the tangent bundl€Q and the dynamics of a mechanical system described by it
are given by the well-knowRuler-Lagrange equations

(Yo, o
dt \ 0q dq
The Lagrangian’ is called regular, if the Hessiaﬁ% with respect to the velocitieg is
regular. In this case all equations in (1) are second order.

The most important case for applications agural systemsHere Q is a Riemannian
manifold, i. e. we are in addition given a scalar producffad. The scalar product is defined
by a symmetric, positive definite matrix functidd (q) and for vectoru, v € T,Q we have
(uw,v)py = u*M(q)v. For a natural mechanical systei, is the mass matrix and the La-
grangian is of the forni(q, ¢) = %(q, q)m — V(q) with some real valued potenti&l. For
a constant mass matrix, (1) leads then to the familiar Newtonian equatigns —oV/dq.

The Hamiltonian formulation is obtained vialagendre transformationGeometrically,
it is given by the fibre derivative of. and maps the tangent bundi&® into the cotangent
bundleT* Q, the phase space of Hamiltonian mechanics. In coordinates, we introduce the
canonically conjugate momenta

p= %(q, q). 2
In the case of a natural system, this leads to the familiar exprepsien\/ 4. For a regular
Lagrangian, (2) may be inverted and the velociiesan be expressed as functiong @f p).
Thecanonical Hamiltoniarof the system given by, = p'q — L(q, ) is then a real-valued
functions of7* Q and represents physically the total energy of the system.
The Hamiltonian equations of motion are obtained by entering the momenta into (1):

. _ oM, _oH,
q= op b= aq

A convenient way to express these equations is provided bidlsson bracketlf F'(g, p),
G(g, p) are two arbitrary observables, i. e. real-valued functiong'o@, then we define

6F>t oG (ac:)t OF

{F’G}:<aq o \9q) op° “

®3)
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6 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

This bracket is linear in its arguments, skew-symmeftitG} = —{G, F'} and satisfies the
Jacobi identity{ F, {G, H}} + {G,{H,F}} + {H,{F,G}} = 0. The equations of motion
(3) may now be concisely written in the form

qg={q,H:}, p={pH:}. (6)

More generally, the evolution of any observable along trajectories of the Hamiltonian system
(3) is determined by = {F, H.}, as one can easily check. Note that this trivially implies
energy conservation, d$, = {H., H.} = 0.

Poisson brackets are also useful for characterisargpnical transformationsThese are
coordinate transformatiorig, p) < (Q, P) that preserve the brackets. They may be derived
with the help ofgenerating functionfl4, Chapt. VIII]. Different types of generating functions
exist; we will use functionsS(Q, p). The corresponding canonical transformation is then
implicitly defined by the equations

oS oS
q=%(Q,p), P=%(Q,p)~ (6)

3 Dirac Theory of Constrained Hamiltonian Systems

The Dirac theory considers the case that the relations (2) cannot be solved for all velpcities
Obviously, this only happens, if the Hessigfta% does not possess full rank. By elimination,
we obtain then from (2) som@rimary constraints

¢(q,p) =0. (7)

We will always assume that these are irreducible, i. e. that their Jacobian has maximal rank.
Their number is then determined by the rank defect of the He%%}n The meaning of the
constraints is that the dynamics does not use the whole phase space but at most the submani-
fold described by (7).

For an unconstrained system it was obvious that the canonical Hamilt&hiema function
of (g, p) only, since the velocityy can be eliminated using (2). Due to the special form of
H,, this is also possible in a constrained system, but the resulting fun&tias uniquely
defined onlyonthe constraint manifold. Thus the formalism remains unchanged, if we add an
arbitrary linear combinatidrof the constraint functiong. This leads to théotal Hamiltonian
H(q,p) = H. + u'® where the multipliers: are a priori arbitrary functions dfz, p).

Using constrained variational calculus, one can show that the Euler-Lagrange equations (1)
are equivalent to the following first order system

ngj}wut%, pz—a;f;—utg—f, $=0. ®)

It represents the traditional starting point for a numerical integration. Its differential part de-
fines an underlying equation which, however, is not Hamiltonian. By contrast, the differential
part of the system

q:{ant}7 p:{paHt}> ¢=0, )

1 Here and in the sequel the coefficients of “linear combinations” are allowed to be arbitrary functions of the
phase space variablég, p).
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is Hamiltonian. The two systems are equivalent, as their right hand sides differ only by linear
combinations of the constraint functions. More generally, the time evolution of any phase
space functior'(q, p) can be written a$ = {F, H:}.

In a consistent theory, the constraigis= 0 must be preserved by the evolution of the
system. This leads to the conditiogis= {¢,H:} ~ 0. The= signals aweak equality it
may hold only after taking the constraints into account. By a standard argument in differential
geometry, this implies that the Poisson brackét H;} must be a linear combination of the
constraint functions. There are three possibilities: (i) it yields modulo the constraints an
equation of the form = 0; (i) it becomes) = 0; (iii) we obtain a new equatiott(q, p) = 0.

(i) implies inconsistent equations of motion; they do not possess any solution. (ii) is the
desired outcome. (iii) splits into two sub-cases. If the functiodepends on some of the
multipliersu, we consider it as an equation determining one of thedtherwise we have a
secondary constraintVe must then check whether all secondary constraints are preserved by
repeating the procedure until we either encounter case (i) or all constraints lead to case (ii).
This is the famou®irac algorithm a special version of the general completion procedure for
differential algebraic equations [30, 32].

Letx denote allK constraint functions of the systems: the primary ones and those obtained
with the Dirac algorithm. They can be divided into two classes by studyingltleX” matrix
of their Poisson brackets = {x, x}. As C is skew-symmetric, its rank/ is even. Let us
assume for simplicity that after a simple relabelling of the entrieg tfie top leftAM x M
sub-matrix ofC' is regular (in general we must redefine the constraint functions by taking
linear combinations to achieve this). Then we call the constraint functions.. , x, second
class The Poisson bracket of fiest classconstraint functionyy with any other constraint
function x (primary or higher) vanishes weakly{:, x} ~ 0. In our case the constraint
functionsxas+1, - - -, xi are first class. Obviously this classification can be performed only
afterall constraints have been found.

First class constraints generate gauge symmetries [18] and lead to arbitrary functions in the
general solution of the equations of motion; these are under-determined [32]. In the sequel
we will always assume that no first class constraints are present. This is no real restriction,
as they appear very rarely in finite-dimensional systems. Furthermore they can always be
transformed into second class constraints by a gauge fixing, i. e. by adding further constraints
removing the under-determinacy.

Second class constraints signal the presence of unphysical or redundant degrees of free-
dom; as mentioned above their numBéiis always even. If there are no first class constraints,
the matrixC is regular (otherwise we take the sub-matrix(dtorresponding to the second
class constraint functions) and we introduce Eiac bracketof two observableg’, G as

(F.GY ={F,G} - ({F.x}) C{x.G}. (10)

The Dirac bracket possesses exactly the same algebraic properties as the canonical Poisson
bracket (4): it is linear, skew-symmetric and satisfies the Jacobi identity.

Consider for any observablé(q, p) the dynamics defined by = {F, H.}*. We prove in
two steps that for initial data on the constraint manifold these dynamics are equivalent to the
original ones defined by the total Hamiltonian and the standard Poisson bracket. It suffices to

2 Note that as these are weak equations they determine the multipliers only up to linear combinations of the
constraint functions.
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8 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

show that the right hand sides of the respective equations of motions are weakly equal, as for
such initial data the trajectories never leave the constraint manifold. As first step we note that
for the Dirac bracket it makes no difference whethgror H, is used:

(F.HY = {F,H} - ({F,x}) 0" {x. H)}

~{F,H.} - ({F,x})'C " {x, H.} + ut<{F, x} - ({F.x)) e Hx, x})
= {F, H.}*.
(11)

Here we used in the second line that all Poisson brackets involving the multipliars
multiplied by constraint functions and in the last line the definitio®ofAs second step we

show that on the constraint manifold Dirac and Poisson bracket generate the same dynamics
with the total HamiltoniarH,:

(P HY = (FHY — ({F,x)) CYx, Hey = {F, Hy} (12)

as after the completion of the Dirac algorithin, H:} is a linear combination of constraint
functions. We are thus lead to thiamilton-Dirac equations

g={q.H}", p={pH}". (13)

The Dirac bracket effectively eliminates the second class constraints, as they bdisome
tinguishedor Casimir functions:the Dirac bracket of any phase space functiorwith a
second class constraint function vanishes, as again by the definit{@n of

(Fx) ={F.x} - ({F.x)) ¢ Hx. x} = 0. (14)

Note that this is a strong and not only a weak equality! Historically, this observation was
Dirac’s motivation for introducing his bracket, as it allows for a consistent quantisation of
constrained systems.

In our context, its importance lies in the fact that it implies that in most relevant cases
the constraint manifold is orbitally staBiléor the flow of the Hamilton-Dirac equations (13).
The constraint functiong foliate the phase space into disjoint submanifald defined
by x(gq,p) = € with constants. Exact solutions of the Hamilton-Dirac equations (13) lie
completely on the submanifolti . determined by the initial data. The equations do not “see”
the values; in particulare = 0 is not distinguished. This is a trivial consequence of the fact
that the Dirac bracket (10) depends only on the derivatives of the constraint functions and not
on the functions themselves.

Numerical errors are thus neither damped nor amplified by the dynamics. They lead to
different value€ and without further errors the trajectory would stay on the submanifeld
If the submanifoldsM . are compact, there exists trivially an upper bound (depending only
on €) for dist(z, M;) with z € M,.. The same holds for quadratic constraint functigns
Hence in both case we have obviously orbital stability.

3 For historical correctness one should remark that Dirac did not consider (13). He worked with the total Hamil-
tonian H; instead of the canonical oné.. But we proved above that the corresponding equations of motion are
weakly equal. Computationally the use @f. is more efficient, as it leads to simpler equations.

4 A manifold M is called orbitally stable for a dynamical system= f(z), if for everye > 0 there exists a
d > 0 such that for any solutiog(t) satisfying distz(0), M) < § the inequality distz(t), M) < e holds [15].
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4 Regular Systems with Externally Imposed Constraints

For applications the most important type of constrained systems is described by a regular
LagrangianLZ and subject td: externally imposed constraifte(¢) = 0, the position con-
straints In principle, this situation cannot be treated within the Dirac formalism, as it cov-
ers only singular Lagrangians. There exist several ways to derive the equations of motion.
The simplest one introduces Lagrange multipligrand considers the augmented Lagrangian
L' = L + pl¢. In contrast to the multipliers in the Dirac theoryu must be considered
as additional dynamical variables and not as undetermined functions. IN@wobviously
singular, as it does not depend on the “velocitigs’and we may apply the Dirac theory.

If we denote byH the Hamiltonian for the regular system, then the classical Hamiltonian
equations of motion (8) simplify now to

. OH 0H 0
9= 5> . T KB 5
op dq dq
as the constraints do not depend on the momenta. Differentiation of the position constraints

leads to themomentum constrainty = ¢ = {¢, H} = 0. Differentiation of these in turn
yields a linear system of equations for the multipligrs

{, ot~ {p, H}. (16)

Its matrix evaluates to%)taa;a’i% and thus is regular under the made assumptions. The
differential part of the Hamiltonian system (9) takes the form (with the multipliexgain
determined by (16))
t t
q:fLH+3(u¢)7 p:73j+3(u¢) (17)
op op oq oq
and differs from (15) only by terms proportional to the position constraints functbons
For the Dirac formalism, we introduce canonically conjugate momerita the additional
variablesu. The primary constraints are = 0. If we denote byH the Hamiltonian for the
regular system, the canonical Hamiltonian of the constrained systémis H — u!¢; the
total one isH; = H, + u'm. The Dirac algorithm yields as secondary constraiits 0 and
as tertiary constraints the momentum constraihts {¢, H:} ~ {¢, H} ~ 0. The next step
provides algebraic equations for the auxiliary variahles

{, H} — p' {3, ¢} = 0. (18)

Obviously, they are equivalent to (16). The fifth and last step yields0 .

The main problem in using Dirac brackets is the inversion of the matrof the Poisson
brackets of the constraint functions. For a larger nunitbef constraints one can no longer
do this symbolically. Thus one must numerically invef¥ax K matrix at each evaluation of
the equations of motion. In our special cdse= 2k and the matrixC can be partitioned into
four k& x k sub-matrices

0 Q
c= (% 9 (19

5 We restrict here to holonomic constraints, i. e. we do not allowdhzepends on the velocitiés Anholonomic
systems do not possess a proper Hamiltonian formulation [27].

$=0, (15)
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10 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

where@ = {¢,} andS = {+¢,4}. The inversion of such a matrix can be reduced to the
inversion of ong x k& matrix plus two matrix multiplications, as

—t -1 _ -t
c'= (Q QS_? % ) : (20)

The Hamilton-Dirac equations take now the following form:

t
f] - oH - <gd)> Q_1¢7
p

op
o _OH (00N i i (22 om0t 4 (2% o (21)
p__(?q_(@q) Q {y.H} + ((,9(1) QT5Q +(8q> Q™| Y.

Taking (16) into account, we see that they differ from the standard equations of motion (15)
only by some terms multiplied by the momentum constraints functibn¥hus both formu-
lations are weakly equal.

5 The Impetus-Striction Formalism

An alternative approach for the treatment of regular systems with externally imposed con-
straints is provided by the impetus-striction formalism [9, 10, 22]. It is also based on an
augmented Lagrangian, but it adds time derivativef the constraint functions and uses
L*=L+ )\t%qﬁ with multipliers A which must again be considered as additional dynamical
variables. ObviouslyL* is a singular Lagrangian, too, and we can straightforwardly apply
the Dirac theory.

This approach represents a special caseakbnomic mechanidd]. Its fundamental ax-
iom is that the equations of motion of a constrained system are always of a variational nature
— even if one considers anholonomic constraitg, g) = 0. The calculus of variations
leads then to adding the constraint functions with multipliers to the regular Lagrangian. How-
ever, the vakonomic equations of motion are generally not equivalent to those derived with
the Principle of d’Alembert. Experiments seem to indicate that they do not correctly describe
the physical reality [21].

In our special case of differentiated holonomic constraints, 4:e= ¢, the two La-
grangians.’ and L* are equivalent, as they differ only by a total derivative upon the identifi-
cationp = —dA/dt. Thus both yield the same Euler-Lagrange equations. But the Legendre
transformations differ and the canonically conjugate momenta fand L’ are related by

. OL* 0
p = aq P+ A g

The standard approach to the impetus-striction formalism consists of first defining a pre-
HamiltonianH* in which X is still treated as a parameter. Theiis determined by requiring
thatg = {o, JEI*} = 0 (or alternatively by a minimisation principle [10]). The thus obtained
values for\ are calledstrictionsand entering them into (22) defines tihgpetuse®*. Enter-
ing the strictions into the pre-Hamiltonidd* yields the Hamiltoniarif* and one can show
that the corresponding Hamiltonian equations of motion

q={q.H"}, p'={p" H} (23)
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form an underlying equation for the constrained system. Similar to our considerations in the
last section, one may view the impetus-striction formalism as a short cut to the full Dirac
analysis of the singular Lagrangidrt (see [28] for more details).

We present now a new purely Hamiltonian derivation of the impetus-striction formalism
interpreting (22) as part of a canonical transformation. As starting point we take this time
a regular HamiltoniarH (g, p), i.e. we assume that its Hessi%g’—p with respect to the
momenta is regular, and impose some (irreducible) position consteaigis= 0.

We consider the canonical transformatign p) < (q*, p*) defined by the generating
function S(q,p*) = ¢'p* — ()\(q,p*))td)(q) where)(g, p*) are yet arbitrary functions. It
has the form

q =q- ((g»‘*(q p )) ?(q),
o (24)

We determine the functiomsby demanding that for any poify*, p*) on the primary con-
straint manifoldM defined byp(g*) = 0 the transformed poir(ig, p) lies on the secondary
constraint manifold\{; defined by (q) = 0 and(q, p) = 0 where again) = {¢, H} are
the momentum constraint functions. Thus we want to consider (24) as a kind of symplectic
projection on the true phase spaké,. This condition is equivalent to

(%(q))t%]; (q P — (Mg, p ))tgﬁ( )) =0 (25)

(@.07)) #(a) - (a.p")' G ta).

and its solutior\ are the strictions.
Restricted to the primary constraint manifold, the canonical transformation (24) sim-
plifies considerably, as the constraint functi@hsanish, and we obtain

*

4 =gq, pzp*—At(q,p*)ET(q) (26)

which is just (22). Furthermore, atv; the transformed Hamiltonian is given by

8(}5)

5 @7)

H*(q",p") = H(q ,p* = A
This is the same Hamiltonian as obtained in the standard Lagrangian approach.
We claim now that the Hamiltonian equations of motion

q*:{q*vH*}v p*:{p*,H*} (28)

derived with the canonical Poisson bracket for the variabdgsp*) and the transformed
HamiltonianH * represent an underlying differential equation for the constrained system. This
assertion is not trivial, since the Poisson brackets in (28) include differentiations normal to
the constraint manifold and the Hamiltonidf* was derived with the restricted canonical
transformation (26) valid only oi ;.

Copyright line will be provided by the publisher



12 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

Our proof is based on the Dirac theory. One possibility for the equations of motion of the
constrained system are the Hamiltonian-Dirac equations (13 far, p). The Dirac bracket
satisfies for arbitrary phase space functiéhs: [18]

Thus, it does not matter whether we first restrict the functions to the true phase./space

and then compute their Poisson bracket or whether we first compute their Dirac bracket and
then restrict taM,. In this sense, the Dirac bracket can be considered as the phy the
canonical Poisson bracket induced bracket.

Since we are only interested in solutions of the equations of motion (28) living on the con-
straint manifoldM s, we evaluate the Poisson brackets on the right hand side of (28) always
for functions restricted td15. But thereH* is just H after a canonical transformation which
by definition leaves Poisson brackets invariant. Hence we may consider the right hand sides of
(28) as the Poisson brackets of the canonical variabledf&(iabth restricted toM,) which
are by (29) just their Dirac brackets. This implies that restrictetitpthe equations (28) are
equivalent to the equations of motion derived with the Dirac bracket. Thus solutions for initial
data onM-, stay onM, and yield trajectories of the constrained system. Furthermore every
trajectory can be obtained this way and (28) represents an underlying Hamiltonian system.

Substituting (27) in (28) yields

L _OH . 0H 0% 0H
7= 9p> dq ' Dqdq op

(30)

where the functions are evaluated(at, p* — Atg—‘g). All terms containing derivatives of

the strictionsA disappear because of the defining equation (25). This is important for the
numerical integration, as it implies that numerical valuesXauffice. The second term in the
equation forp™ represents the constraint forces. An important difference in comparison with
other approaches is that they depend on the second derivatives of the constraint fupictions
whereas usually only first derivatives appear.

Similar to our results for the Hamilton-Dirac equations (13), we can easily conclude from
these considerations that the submanifols defined by¢(q) = e with constants are
orbitally stable, if they are compact. Again the crucial point is that in (30) only derivatives of
the position constraint functiorg appear and tha#. is an invariant manifold for the flow.

If we apply the Dirac theory to the Hamiltoniaid* and the constraint functions, then
by definition of the striction§¢, H*} = 0. Thus no secondary constraints appear and the
position constraints are first integrals. Since the Poisson brafets} trivially vanish, they
are first class and thus related to gauge symmetries. The gauge transformation generated by
an arbitrary linear combinatiosf ¢ with constant coefficients has the form

5¢ = {q" o} =0,  op* = {p", e} =22 (31)

Arnold et al. [4] call any phase space functidi{g*, p*) which is invariant under this
symmetryobservable Obviously, this implies that such afi containsp™ only in the form
p* fkt% and that the Hamiltonia® * is an example of an observable function. The symme-
try can be easily understood. If we take two generating functtowgh functions differing
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by constantse, the resulting starred variables are related by the gauge transformation (31).
But if the impetuse®* appear only in the fornp* — )\t%, the constants drop out and we
obtain identical results.

We can interpret this result also in another way. Basically it says that not the multipliers
themselves are important but only their differentials, as we can add arbitrary constants. But
this is not too surprising, if one compares again the two Lagrangiarsd L*. We saw
already that they are equivalent upon the identificatioa —d\/dt. Thus already here only
the differentials of the multiplierd plays a role.

6 Impetuses and Mass-Orthogonal Projections

The deeper meaning of the transformation (22) between the momenta and the impetuses be-
comes particularly clear for natural systems. Thus we assume now again that the configuration
spaceQ is a Riemannian manifold. The metric induces a scalar produg¢t, on the phase
spacel™ @ which has the same form as the one on the tangent bdr@léut now with the
inverse mass matrix/ —*: (u,v) = u! M ~'v. The Hamiltonian of a natural system is then
H(q,p) = %(P, p)am + V(q) where agaiii” denotes a real-valued potential. The use of the
mass metric apparently goes back at least to Hertz. More recently it was studied in connection
with constrained systems by Bayo and Ledesma [5] and by Brauchli [6].

If we impose on such a system position constraiptg) = 0, then the corresponding
momentum constraints may be written in the fogg, p) = <%(q),p>M which implies
that the strictions are determined by thear system

(%20, 52@), A= (S2(@.") = viar). @2)

The canonical transformation (24) withdetermined by (32) represents now for all points
(g*,p*) € My, i.e. satisfyingp(q*) = 0, a mass-orthogonal projection on the secondary
constraint manifold\(,. Indeed, the transformation (24) simplifies to (26) for points\dn.

For a giveng, the manifold M5 is a hyperplane whose Hesse normal form is defined by the
vanishing of the momentum constraint functions. Thus we make the gnsatp* — ptg—‘é’

for a mass-orthogonal projection avl;. The multipliersp are uniquely determined by the
conditioni (g, p) = 0. But this yields obviously the linear system (32) defining the strictions
and hence the orthogonal projection is given by (26).

One can try to generalise this result to arbitrary Hamiltonian systems. Again one starts
with a point(g*, p*) € M; and would like to find the poinfq, p) € Ms which has the
minimal distance tdq*, p*). However, only natural systems provide a canonical metric and
thus a canonical way to measure distances. Furthermore, the momentum congtraiats
generally nonlinear and we cannot use a simple projection to obja). Hence it is not
clear, how one could rigorously formulate a generalisation.

Taking a more operational point of view, one nevertheless obtains some sort of generali-
sation. We describe first a concrete method to compute a sequence of (jgoit$ which
may be considered as approximating the “minimal” pdntp). Then we show that we find
exactly the same sequence of points, if we determine the striclitiysa Newton iteration. In
such a generalised sense one may consider the transformation (26) even for arbitrary Hamil-
tonian systems as a kind of orthogonal projection.
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14 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

In order to approximate the “minimal pointg, p) we takeg = ¢* and must then solve the
under-determined nonlinear systeffg, p) = 0. This can be done using a Newton iteration

with initial valuepy = p*. Writing p.+1 = pi. — d; and noting tha(g—;fj = (g—ﬁ)tg;i, we
obtain the following linear system fat:
o, \' 9°H
7v d, = )
(S2) 5 g (apodi=via.p) @)

Defining M as the inverse of the Hessig?ﬁgf—p evaluated at the poirfy, py. ), we again intro-
duce a scalar produ¢t, -) ,; and rewrite the linear system as
<%(Q)’dk>M =(q,pr) - (34)

(34) is an under-determined system and does not possess a unique solution. Since we
want to approximate the poirg, p) with “minimal distance” from(g*, p*), we choose the
solution that is minimal with respect to the mass norm. Alishenas [2] calls thig/tineinimal
solutionand shows how it can be computed with the help of a pseudo-inversex i b
is an under-determined linear system, thenMfsminimal solution is given byd~b where
A= = M~tAY(AM~1AY)~Lis the M-pseudo-inverse (fak/ = I it is just the usual Moore-
Penrose pseudo-inverse). Theminimal solution of (34) is then

-1
0 | (00\" 0
dk—aq[(a() Maq] (g, p0)- (35)

In the impetus-striction formalism, we get the nonlinear system (25) for the stricions
Again we use the Newton method to solve it, this time with the initial valye= 0. The
iteration takes the form

—1
op\' . 0 . 0
1= — || =— | M—=—=— AL 36
k+1 k [(8(1) 3 ¢(q,p kaq) (36)
wherelM is the inverse of the Hessiag% evaluated a(q, p = AL %). A comparison with
(35) shows at once that the two approaches are equivalent and related by
pk:p*_Allec%a k=0,1,2,... (37)
dq

7 Position Versus Momentum Projection

We turn now our attention to the problem of numerically computing the trajectories of a con-
strained Hamiltonian system. However, we will restrict our discussion to the case of a regular
system over amV-dimensional configuration space wiith externally imposed position con-
straints¢(q) = 0 and the associated momentum constraifg, p) = 0. As we have already
seen, we have a wide choice for the formulation of the equations of motion.

The classical approach is based on the formulation (15). Analytically, it can be treated as
follows: we solve (16) foru, enter the result into (15), choose initial values satisfyaiig
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constraints and integrate the differential part of (15). Any such computed solution stays on
the constraint manifold. The constraints are considered only when choosing the initial data.
Numerically, this approach has two disadvantages. Firstly, the underlying equation obtained
by entering the multipliers into (15) is not Hamiltonian. This excludes for example the use of
symplectic integrators. Secondly, in contrast to the analytical solution, the numerical solution
generally drifts off from the constraint manifold.

Projection methods are a popular cure against the drift off [13]. In their simplest form,
following a step with an arbitrary integrator, one projects the computed (@inp,,) onto the
constraint manifold to obtain the final approximatigp,, p.,). We may distinguishposition
projectionswhere onlyg,, is modified so thaty(g,,) = 0 andmomentum projectionshere
only p,, is changed so that(q,,, p,) = 0 (with g, = q,,)-

We will show that momentum projections are not only cheaper than position projections,
as they require only the solution of a linear system, but that they yield better results, too. The
absolute values and the growth rates of all relevant errors (energy and constraint residuals) are
smaller. In particular, the energy error is much less affected by momentum projections.

Our basic tool is the comparison of two different underlying Hamiltonian systems. As
seen in Section 4, the differential part of the equations of motion (17) obtained with the total
Hamiltonian H; is Hamiltonian and differs from (15) only by terms proportional to the posi-
tion constraints functiong. By contrast, the Hamilton-Dirac equations (21) differ from (15)
only by terms multiplied by the momentum constraints functignsif we apply the corre-
sponding projections, it makes no differeAeeghether we integrate numerically (15) or the
respective underlying Hamiltonian system. In order to compare the two kind of projections
we must thus study the stability of the constraint manifold for the two formulations.

The key for the stability analysis is the introduction of adapted coordinates. The equations
o(q) = ¢, ¥(q,p) = p define for arbitrary constants p a2(N — K)-dimensional subman-
ifold M. ,, of the full phase space. Lgt(¢, ¢) be N functions such thap(f(&,¢)) = ¢ and

that the matrix( (gj/gj)t ) is regular. Then the equations

a= (6,0, Z—gp:w, (‘Z‘é’)/p:p (38)

implicitly define coordinate$¢, ) on M ,,.

On the submanifoldV1¢ ,, we may consider (38) as implicitly defining a coordinate trans-
formationT¢ , : (g,p) — (& 7). One can show [29] thdf, , is in fact canonical and
that its generating function iS(¢, p) = f(&,{)p. Any function F(g,p) on M. , can be
transformed into a functioﬁ(g, ) satisfyingF' = Fo T¢p.

Let H be the Hamiltonian of a natural system where we assume for simplicity that its mass
matrix M is the identity. Then the transformed HamiltoniBhis given by

-1
. 1, | (of\ of 1, |00 (0¢\°
Hem =5m [() o Thaf [aq (52)

o€ ) e
as(9¢/dq)(9F/9¢) = 0 by the definition off andp = (aigﬁit)_l(g)by(ssy

p+Vof, (39

6 This holds strictly only, if we project each time before we evaluate the equations of motion which is usually
not true. But in our experience we can neglect this small error.
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16 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

We introduceperturbed Hamiltonian state space formkere(, p model the constraint
residuals. For the Hamilton-Dirac equations (13) we get

E={¢,HY, &={mH}. (40)

For (17) we must usél, = H + j1'¢ leading to a different perturbed state space form. But
theunperturbedstate space forms obtained by settthg: p = 0 are identical in both cases.

The posmon constraint residuajsappear inf only via the functionsf; in H, we get an
extra termiz‘¢. The momentum constraint residuglsppear in (39) also in form of an extra
term, a quadratic form. Extra terms in the Hamiltonian lead to extra terms in the equations of
motion which may change their qualitative properties profoundly. But if momentum projec-
tions are used, i. e. jp = 0, no extra terms appear. We may refine the analysis by considering
¢, p as time-dependent. This does not change the canonical transforfigtiobut we must
subtract fromH the time derivative of the generating function [14]

oS Ct af

ot ac?
Applying T'¢ , with time-dependent residuads p to (17) or (13) yields differential equations
for &, w, ¢, p. Those for¢ and are the corresponding state space form; thosé,fprare in
general not Hamiltonian. The origth= p = 0 is a fixed point for the latter equations and its
stability determines the drift off from the constraint manifold.

For the Hamilton-Dirac equations (13) we know even without computationg thap = 0
because of our considerations at the end of Section 3. Based on this result, we can straightfor-
wardly analyse the use of momentum projections in the numerical integration of the classical
equations of motion (15). The dynamics do not lead to any growth of the constraint residuals.
Following Alishenas [2, 3], we use a continuous model for the error propagation and assume
that because of numerical errajs= {q, H}* + €(¢) with ||e(t)|| < € in the integration
interval. Then¢ = €(t) and the position constraint residual can grow at most linearly.

For the other underlying Hamiltonian system (17) one cannot make such general state-
ments. But the following simple argument féf = 1 shows that we must expect a worse
behaviour. In the coordinatdg, p) the growth of the constraint residuals is determined by
¢ = {¢,Hy} = {¢, u}é + 1 andyp = {¢, H,} = {4, u}¢. Linearisation about the origin
yields ¢ = 2a¢ + ¥, ¥ = b with some time-dependent coefficientsb. The eigenvalues
of this linear system are + v/a? + b and thus the origin is (linearly) unstable in general.
Assuming that because of position projectigiis) ~ ¢¢ < 1, we still find from the equation
for ¢ that already the dynamics lead to an at least linear growth of the momentum constraint
residual even without taking error propagation into account.

The growth of the constraint residuals is only one aspect in a comparison of the two types of
projections. Another important aspect is to what extent the projections respect the structure of
the system. Geometric integrators [16] are of growing importance in the numerical integration
of dynamical systems. In our context, the main question is whether the projections preserve
the Hamiltonian nature of the problem.

In order to answer this question, we first recall from the last section that a mass-orthogonal
momentum projection is a canonical transformation for natural systems. We further showed
there that in a certain sense this observation remains true for arbitrary systems. By con-
trast, a non-trivial position projection is never canonical. All possible extensions of a point

(41)
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transformationy = F'(Q) to a canonical transformation in phase space can be described by
generating functions of the fori§i = F*(Q)p + G(Q) with a scalar functiorG [8, §5105—

108]. Hence the momenta transform according’te- (9F/0Q)'p + 0G/9Q and they only
remain unchanged, 8F'/0Q is the identity matrix and~ vanishes.

This observation may be used as basis for the design of symplectic integrators for con-
strained Hamiltonian systems. Indeed, the composition methods of Reich [24] exploit the
(restricted) canonical transformation (26). By intertwining a momentum projection with a
step of the integrator, it is even possible to simulate a “canonical” position projection, so that
the arising symplectic methods preserve both the position and the momentum constraints.

Momentum projections also behave favourably with respect to energy conservation. For
an integration method of order the (local) constraint residuals are of ordgh™1) [17].

Thus we must expect in general that a projection changes the energy in this order. However, a
mass-orthogonal momentum projection changes the energy olgfiti +2). The reason for

this effect lies in the fact that the projection may be considered as the flow of the Hamiltonian
Hx = A'¢(q) given byq(t) = qo, p(t) = po — t[(9$/9q)(q0)]'A. The energy error is

thus determined by the change Bfalong an integral curve off,. At ¢t = 1 we obtain in

first orderAE ~ H = {H, Hx} = —A'. In the last section we saw that= R~ !4 with

R = ((0¢/0q),(0¢/0q)),, and thusAE ~ o' R~14). As by assumptionp = O(h"*1),

the momentum projection changes the energ9 jh?"+2).

8 The Planar Pendulum in Cartesian Coordinates

The planar pendulum in Cartesian coordinates represents a standard example of a constrained
natural system. Its equations are so simple that all transformations used above can be ex-
plicitly determined. Furthermore, the state space form is easily obtained and can be used to
compute reference solutions with high precision.

The planar pendulum is described by the regular Hamiltohlas %(pi. + pi) +y. The
position constraint is(z,y) = % (z? + y*> — 1) = 0 and time differentiation of it leads to
the momentum constraini(z, y, p,, py) = zp, + yp, = 0. For the multiplier one obtains
n= (p2 + p2 —y)/(z* 4+ y*). The classical equations of motion (15) are

T =Py, U =Dy, Pr = —JT, Py =—py—1. (42)

The underlying Hamiltonian system (17) definedBy= H + u¢ is

. 2Py . 2py
t=pt+—5——5 ¢, Y=py+ 5. 5¢
ey Loy (43)
. + 2z # . 1+2yu—l—1¢
r = —UT B = - .
p ,u‘ x2+y2 py /’Ly x2+y2

The Dirac bracket if F, G}* = {F,G} — i ({F, o H{v, G} — {F,¢}{#,G}) and the
Hamilton-Dirac equations (21) yield the underlying system

T =P, — , Y=Dy— v,

TRy boat ety (44)
o Px - Py
px——ﬂx+x2+y2¢’ py_—;ty—1+x2_~_y2¢~
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18 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

Obviously, on the constraint manifold (42), (43) and (44) are identical.
The canonical transformation (38) can be written explicitly as

x=14/20 4+ 1sin&, Yy =+2(+ 1cos¢,

Pep: _ mcos& + psing _ —msin& 4 pcosé (45)
be =" cy1 *= ™~ C+1

where( represents the position apdhe momentum constraint residual. Obviously, it simply

changes to polar coordinates. This yields for the transformed Hamiltonian
¢

2¢+1

_17T2+p2

ff(fﬂr)—§ 20+ 1

4+ 4/2¢ + 1cos& —

(46)

where the last term is the time derivative (41) of the generating function.

Notice that for this special system the extra termgfirdo not depend on the dynamical
variables(¢, 7). Thus they affect only the energy error but do not lead to extra terms in the
perturbed state space forms. These are for (43)

(4¢+1) ¢+1

£= 7(%_’_1)271', = 7F<+lsin§ (47)

and for the Hamilton-Dirac equations (44)

é:2<1+17r, = /2(+1sin¢. (48)

Superficially seen, the formulation (43) seems preferable, as a Taylor expansion shows that
the perturbations in (47) ar@(¢?) whereas they ar®(¢) in (48). However, this point of
view neglects the much more important issue of ghawth of the constraint residualg p.
As mentioned above, we haje= p = 0 for the Hamilton-Dirac equations of any system.
Applying the canonical transformation (45) to (43) yields

. AC+1 . LGP +7?)  Ceosé
= =4 — . 49
The eigenvalues of the linearised system-atewith o = /472 — cos £. Thus wheneves

is real, the origin is unstable for (49).

Assuming that due to position projectiotisc (y < 1, we obtain for the residual the
Riccati equatiory = (y(0? + 4p?). For the initial datgo(0) = po it has the closed-form
solutionp(t) = £ tan[20(ot + arctan(222)] ~ po + (o(0? + 4p3)t + O((3t?). Thus for
small time<t already the dynamics yield an at least linear growth of the momentum constraint
residual. Note that this even holdspif = 0.

We integrated the classical equations of motion (42) for the initial dettay®, p), p9) =
(1,0, 0, —2) until t = 1023 with the standard fourth-order Runge-Kutta method using the step
sizeh = 0.025. For these data the pendulum rotates clockwise with the pé&ried 3.31.

We projected, when the corresponding residual exceeded0—°. Fig. 1 (upper part) shows
the integration error (estimated by comparing with an integration of the state-space form with
step siz&:/10) without W/o ), with momentum ifhom and with position projectiong0s ).
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Fig. 1 Integration and energy error for the planar pendulum

Position projections hardly improve the results. They yield the same energy error as with-
out, whereas momentum projections significantly reduce it (Fig. 1, lower part). Furthermore,
they have no effect on the momentum constraint residual. In contrast, momentum projections
improve the position constraint residual by more than two orders of magnitude compared to
without projections. In the end it is- 1074,

Momentum projections also yield smaller ergyowth rates Without projections the in-
tegration error grows cubically, the energy error and the position constraint residual quadrati-
cally and the momentum constraint residual linearly. These rates are not changed by position
projections. Momentum projections lead to a quadratic growth of the integration error and a
linear growth of energy error and position constraint residual.

These observations can be partially explained by our results in the last section where e. g.
the linear growth of the remaining residual after projection on one constraint was predicted.
The growth rates of the energy errors come from the perturbed Hamiltéhidthe momen-
tum constraint residual grows linearly after position projections. As it appears quadratically
in (46), we expect an at least quadratic growth of the energy error. For the error after momen-
tum projections the dependency Hf on the position constraint residudlis decisive. The
series expansion contains a linear term that dominates the higher order terms because of the
smallness of in our integration interval. Ag grows linearly, so does the energy error.

In order to check the periodicity of the solutions we computed a periodogram from the
values att = 0,1,2,...,1023. With momentum projections it hardly differs from the one
obtained from the state space form and consists essentially of one sgike @302 with
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20 W.M. Seiler: Stable Underlying Equations for Constrained Hamiltonian Systems

amplitude0.39. Sincef = 1/T, the periodicity is very well maintained. Without projections
the spike is smeared over the rary8—0.37 with a maximal amplitude 06.05. Position
projections yield only a small improvement.

The most striking result is that these considerable improvements have been achieved with
only 155 momentum projections, i.e. on average afté integration steps. In contrast,
position projections were needed after almost every step. With a tighter error tolerance the
results for momentum projections further improve, whereas this makes hardly any difference
for position projections. Witk = 10~® one needs on average afteintegration steps a
momentum projection, the maximal value of the integration error is abeu—3, of the
energy erroB - 10~° and of the position constraint residul—5.

Other numerical methods vyield similar results. Hairer and Wanner [17, p. 472] applied
the Dormand-Prince 5(4) pair to the pendulum and observed that the integration error be-
came even worse, when position projections were used. They also noted that adding position
projections to momentum projections hardly changes the results.

For deriving the impetus-striction formulation of the planar pendulum, we first need the
striction. It is easily determined to be = (z*p; + y*p;)/((z*)? + (y*)?). The arising
equations of motion are then

= py, U =Dy, Pp =Dz, Dy =Ap,—1 (50)
wherep, = p; — Az* andp, = p; — Ay are the classical momenta. We do not present
an error plot for their numerical integration, as the results are similar to those obtained above
with momentum projections. Indeed, as discussed in Section 6, the classical momenta are just
the projected impetuses. Note however that if we use (50), then we perform these projections
at each evaluation of the right hand side whereas we have seen above that in the numerical
integration of (42) fairly few projections were necessary. Hence from a computational point
of view the latter approach seems preferable.

We use the impetus-striction formulation to study numerically the stability of the constraint
manifold. The manifolds\1. are concentric circles in the*—y* plane and for any initial data
(z°,4°,p, p)) the projection of the solution of the impetus-striction equations (50) on this
plane is just the corresponding circle. In numerical experiments the orbital stability can be
well observed; the left part of Fig. 2 shows the—y* phase portrait for the exact initial data
used above and for slightly perturbed initial datd, 3°, p9, p))) = (1.1,0.1,0.1, —1.9); note
that we start here with inconsistent momentum values.

Sofer et al. [33] compared numerically several formulations of the equations of motions
for the planar pendulum. Their formulation C corresponds to the impetus-striction formalism.
They showed that the linearisation of the corresponding equations of motion about the periodic
solution on the constraint manifold has an unstable direction. More precisely, the eigenvalues
at a pointP on the orbit ard (algebraically double and geometrically simple) ahdl where
A is the value of the striction &®.

However, one must be careful with the linear stability analysis of a Hamiltonian system,
as critical elements are here rarely hyperbolic. In numerical experiments one indeed observes
an instability in the impetuses. Their phase portrait shows an outward going spiral (see the
right part of Fig. 2). But this effect seems to be more related to the double eigevilar
to the pair of real eigenvalues: the growth of the amplitude is only linear ang, trendp; -
components of the eigenvector@@re proportional ta:* andy*, respectively, i. e. they point
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Fig. 2 Phase portraits for the planar pendulum (ifty ™, right p3-p;)

in radial direction (normal to the constraint manifold). Also no observable like the energy or
the physical momenta,,, p, shows an instability: the observed instability of the impetuses is
eliminated by the radial projection relating the impetusgs; with p., p,.

Analytically the instability of the normal part of the impetus vector can be easily derived
for this simple system. If we compute its time derivative, we obtain
d (E* * ook k2
Satp ) = T 1)

The denominator of the first term is an integral of motion and thus constant along any tra-
jectory. The numerator is the square of the angular momentum (one easily checks that here
Tpy — ypz = T7p;, — y*p;)- If we had taken the pendulum without gravitation, gffeterm

would be missing and the angular momentum would be another integral of motion. Hence
without gravitation the time derivative would be constant and we would get an exact linear
growth. In our case we hav%(x*p; — y*pt) = —a*. Butif we average over one period,

(x*) = 0 and similarly for they*-term in (51). Thus the average growth of the normal part of

the impetus vector is indeed linear as observed.

In our example this growth of the normal part of the impetus vector caused no problems.
In general we must, however, expect a loss of numerical precision. As this normal part is the
right hand side of (32), the strictions also grow linearly. In the projection relatingd p*
we must then compute the small difference between two large vectors. In larger examples one
can indeed observe a slow degradation of the results due to this effect.

Fortunately, there exists a simple cure for this problem. We mentioned already above that
we can choose the initial value of the strictions arbitrarily, as two different values are related by
the gauge transformation (31). We are free to apply such a transformation at any time. If after
some time the amplitude of the impetuses is too large, we simply “reset” thiew: pi — Az
andp;, < p; — Ay. This will not effect any of the physical observables. This strategy was
already employed by Ruhoff et al. [25] in their simulations of pendulum chains. They report
that for larger chains they had to perform momentum projections in order to obtain reasonable
results. But these projections are of course equivalent to our “resetting” of the impetuses.

The pair of real eigenvalues) is probably only an artifact of the linearisation. The mass-
orthogonal projection which forms the core of the impetus-striction formalism is non-linear
and thus destroyed by the linearisation. If we consider the striction as a constant, we can see
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the origin of these eigenvalues in the equations of motion (50): the equation$ &dy*

contain terms-\z* and—\y*, respectively, and those for.” andp,” terms\p; and\pj,
respectively. But this linear point of view neglects that these terms always appear as parts of
the combinationg; — Az* andp; — Ay*, respectively. Thus we may assume that the real
eigenvalues are irrelevant for the nonlinear stability analysis.

In the example of the planar pendulum, the instability can also be considerably damped
with a simple trick. The Hamiltonian of a constrained system is well-defined amithe
constraint manifold; we may add an arbitrary linear combination of the constraint functions
without changing the dynamics. We use this freedom and take the Hamiltonian

o
H = §(x2+y2)(pi+p§)+y- (52)

Obviously, H and H coincide whenz? + y? = 1. Withv = x*p, — y*p; this modified
Hamiltonian yields as impetus-striction equations of motion

.k .k

t=—vyt, yt=wvat, pt=-vp,, py =vpp— 1. (53)

In linear analysis this system is stable, as its eigenvalu€s and ++/3iv) are purely
imaginary. However, the system is still nonlinearly unstable, as one observes qualitatively the
same picture as in the right part of Fig. 2. But with the same parameters as before, one obtains
a much smaller maximal amplitude of abd@0 compared with about0000 for (50).

One should note that the classical equations of motion (42) are unstable, too. Evalua-

tion of the eigenvalues of its linearisation of the constraint manifold yieigéygg +p2 and

+i, /p2 +p§ —y. Thus there also exist unstable directions which lead to the well-known

drift off the constraint manifold. Sofer et al. [33] presented two formulations of the pendulum
which are linearly stable. However, none of them is Hamiltonian in contrast to (53).
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