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Abstract

Assume that we are given a sequence F of kK homogeneous polynomials in n variables of degree
at most d and the ideal 7 generated by this sequence. The aim of this paper is to present a new
and effective method to determine, within the arithmetic complexity d°™, whether F is regu-
lar. This algorithm has been implemented in MAPLE and its efficiency (compared to the classical
approaches for regular sequence test) is evaluated via a set of benchmark polynomials. Further-
more, we show that, if F is regular then we can transform 7 into Ncether position and at the same
time compute a reduced Grobner basis for the transformed ideal within the arithmetic complexity
d°) . Finally, under the same assumption, we establish the new upper bound 2(d¥/2)*""" for
the maximum degree of the elements of any reduced Grobner basis of 7 in the case that n > k.
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1. Introduction

The notion of Grobner bases as well as the first algorithm for their construction were intro-
duced by Buchberger in 1965 in his Ph.D. thesis (Buchberger, 1965, 2006). In 1979, he improved
this algorithm by applying two criteria (known as Buchberger’s criteria) to remove some of the
superfluous reductions, (Buchberger, 1979). Later on, (Gebauer and Moller, 1988) described an
efficient algorithm to install these criteria on Buchberger’s algorithm. Since then, several im-
provements have been proposed to speed-up the computation of Grobner bases. In particular, in
2002, Faugere described his famous Fs algorithm (Faugere, 2002) based on an incremental and
signature-based structure to compute Grobner bases. Finally, (Gao et al., 2016) proposed the
so-called GVW algorithm; a new signature-based algorithm to compute simultaneously Grobner
bases for an ideal and its syzygy module.
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Let # = K[xi,...,x,] be the polynomial ring over a infinite field K and F := fi,..., fx
a sequence of homogeneous polynomials of degree at most d. Furthermore, assume that J is
the ideal generated by F. Our main goal in this paper is to describe an effective method to test
whether F is regular. One of the interesting applications of Grobner bases is to provide such
tests in different manners. For example, for every i, to determine if the coset of f; is a non-zero
divisor in P/{fi, ..., fi-1), one can compute the reduced Grobner basis (with respect to a fix term
ordering) for the quotient ideal (fi, ..., fi-1) : f; and check if it is equal to that of (fi,..., fi-1).
As an alternative approach, from the Grobner basis of 7, one can derive Krull dimension of
the ideal (using the Hilbert polynomial or the Hilbert series of the ideal) and this dimension
simply determines whether F is regular. Finally, (Faugere, 2002) proved that F' forms a regular
sequence if running the Fs algorithm on F produces no reduction to zero. However, we shall
note that in all these approaches one needs to compute at least a (full) Grobner basis for 7. On
the other hand, by an example due to (Mayr and Meyer, 1982) we know that, in the worst-case,
the complexity of Grobner bases computation is doubly exponential in the number of variables.
Thus, the complexity of testing whether F is regular remains doubly exponential in the number
of variables.

In this paper, we give a new approach to test, within the arithmetic complexity' 4™, if F
is regular or not. We have implemented this algorithm in MapPLE and its efficiency is compared
with the Fs algorithm via a set of benchmark polynomials. Furthermore, as an application of
this study, we show that, within the complexity d°®"), we are able to transform an ideal 7 into
Neether position (we show that for a general sequence F, this complexity becomes (kd™)°™). As
a byproduct, in the case that F is a regular sequence, a reduced Grobner basis for the transformed
ideal is also returned. Finally, we investigate degree upper bounds for the reduced Grobner basis
of an ideal generated by a regular sequence. Dubé (1990) by applying a constructive combi-
natorial argument proved the degree bound 2(d?/2 + d)?” for every reduced Grobner basis of
7. Mayr and Ritscher (2013) improved this bound to the dimension-dependent upper bound
2(1/2(d™P + d))zm where D stands for the Krull dimension of 1, see also (Hashemi and Seiler,
2017). We show that, in the case that F is a regular sequence and n > k, the upper bound
2(d*/ 2)2"+l holds true for the maximum degree of the elements of any reduced Grobner basis of
T (whenever n = k then the bound nd — n + 1 is valid). This shows that in the special case when
F is a regular sequence, the second term in the Mayr-Ritscher bound can be dropped.

The structure of the paper is as follows. Section 2 reviews the basic notations and terminolo-
gies used throughout the paper. In Section 3, we study the maximum degree of the elements in
the (reduced) Grobner basis of an ideal generated by a regular sequence in generic position. Sec-
tion 4 is devoted to present the underlying details of the F5 algorithm (Faugere, 2002) to compute
Grobner bases. For the sake of simplicity, we review the matrix variant of this algorithm from
(Bardet et al., 2015). This algorithm is applied in Section 5 to provide an effective method to test
whether a given sequence of homogeneous polynomials is regular. We show also that with the
complexity d°™) we are able to transform an ideal generated by a regular sequence to Ncether
position and construct a reduced Grobner basis for the new ideal. In Section 6, we give a new
degree upper bound for the Grobner basis of an ideal generated by a regular sequence. The last
section contains a conclusion along with a discussion of possible future research.

'In this paper, from the arithmetic complexity we mean the total number of all involved elementary operations such
as comparison, addition and multiplication over the base field. Moreover, we assume that the cost of a single operation
is one.



2. Preliminaries

Throughout this article, we use the following notations. Let K be an infinite field and P =
Klxi,...,x,] the polynomial ring over K. We consider a sequence F = fi,..., f; of non-zero
homogeneous polynomials in  and the ideal 7 = (fi,..., f) generated by this sequence. We
assume that f; has the total degree d; and that the numbering is such thatd; > d, > --- > diy > 0.
We also set d = d;. Furthermore, we denote by R the factor ring /7 and by D := dim(J) its
Krull dimension. Any element of this ring is given by [f] := f + I where f € P. For us, a term
is a power product x* := xfl" .-+ xy" of the variables x,..., x, where @ = (a1,...,a,). We use
throughout the paper the degree reverse lexicographic (drl) term ordering with x, < --- < xj.
We write x* <z ¥* when we have either deg(x®) < deg(x¥®) or they share the same degree and
the right-most non-zero element of 8 — « is negative. The leading term of a polynomial f € P,
denoted by LT(f), is the greatest term (with respect to <) appearing in f. The coefficient of
LT(f) in f is called the leading coefficient of f and is denoted by LC(f). The product LM(f) :=
LC(f).LT(f) is the leading monomial of f. The leading term ideal of I is defined as LT(J) =
(LT(f) | 0 # f € I). For the finite set G C P, LT(G) denotes the set {LT(g) | g € G}. A finite
subset G C I is called a Grobner basis for I with respect to <, if LT(Z) = (LT(G)). We refer
to (Cox et al., 2007; Becker and Weispfenning, 1993) for more details on the theory of Grobner
bases.

Given a graded P-module A and a positive integer s, we denote by A; the set of all ho-
mogeneous elements of A of degree s. Recall that the Hilbert function of I is defined by
HFE7(s) := dimg(R;); the dimension of R; as a K-linear space. From a certain degree on,
HFy(s) is equal to a (unique) polynomial in s, called the Hilbert polynomial of I, and denoted
by HP;. The Hilbert regularity of I is hilb(Z) := min{m | Vs > m, HF(s) = HPz(s)}.

The Hilbert series of I is the power series HS7(f) := .57 HF7(s)¢*. From Hilbert—Serre
theorem, it is known that this series can be written of the form p(z)/(1 — £)® where p(7) is a
univariate polynomial with p(1) # 0 and D = dim(Z), see (Froberg, 1997, Theorem 7, page 130)
and (Kemper, 2011, Chapter 11).

Proposition 1. With these notations, hilb(Z') = max{0,deg(p) — D + 1}.

We refer to (Bruns and Herzog, 1993, Proposition 4.1.12) for the proof of this result and to
(Cox et al., 2007) for more details on this topic. From Macaulay’s theorem, it is known that the
Hilbert function of 7 is the same as that of LT () and this allows us to derive an effective method
to compute the Hilbert series of 7 using Grobner bases, see (Bigatti et al., 1993) and (Greuel and
Pfister, 2007, Algorithm 5.2.4). Let us now deal with regular sequences.

Definition 2. The sequence F is called regular if for any i = 2,...,k, [f;] is a non-zero divisor

nP[fi..... fi-r)-

Because of the natural grading of P, we do not need the additional assumption (F) # P
usually made in the definition of a regular sequence over arbitrary rings. An ideal generated by a
regular sequence is called a complete intersection. Let us continue with the definition of Cohen-
Macaulay rings. The depth of I, denoted by depth(Z), is the length of any maximal regular
sequence in R, see (Eisenbud, 1995, page 425). Furthermore, as in was shown in (Seiler, 2010,
Proposition 5.2.7), under the assumption that K is infinite, depth(J) is equal to the maximal
integer A such that there exists a regular sequence of linear (homogeneous) forms [yi], ..., [yal
in R. For example, for 7 = (x%, X1x3) € P = Kl[x1, x2] every linear form ax; + bx; for a,b € K
is zero divisor in R and therefore depth(Z) = 0.
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Definition 3. The ring R is called Cohen-Macaulay if dim(Z) = depth(J).

For example, one sees readily that the quotient ring K[x;, x2]/ (x%) is Cohen-Macaulay,
whereas K[x1, x2]/ (x%, x1x,) is not Cohen-Macaulay. A proper ideal is said to be unmixed if its
dimension is equal to the dimension of every associated prime of the ideal (in some references
like (Greuel and Pfister, 2007, Definition 4.1.1), this property is referred to as equidimensional
ideal). For example, the ideal (x7, x1x,) = (x1) N {x7, x,) is not unmixed.

The next theorem, which gives different characterizations for being a regular sequence, is
useful throughout the paper. The assertions of this theorem are mostly well-known, however for
the convenience of the reader, the proofs are given. To state this theorem, we need one additional
definition. For a sequence F = (fi, ..., f;) € P* of homogeneous polynomials, the (first) module
of syzygies of F is defined to be

k
Syz(F) = Syz(fi,..., fi) = {(81,.--agk) e P Zgifi = 0}-
pr)

If {ej,..., e} is the standard basis of P¥, then for each i # j, the syzygy element —fiei + fie; €
Syz(F) is called the principal syzygy corresponding to f; and f; and is denoted by r; ;. Further-
more, PSyz(F') stands for the -module generated by all 7; ;’s.

Theorem 4. With the above notations, let I = (F). The following statements hold true.

(1) F being regular is equivalent to the condition that f; does not belong to any associated

prime of {fi, ..., fi-1).
(2) F is aregular sequence iff HS7(t) = ]_[le(l — ) /(1 = ).
(3) F is aregular sequence iff dim(1) = n — k.
(4) Any permutation of a regular sequence is a regular sequence as well.

(5) Any regular sequence remains regular after performing an invertible linear change of vari-
ables.

(6) If F is a regular sequence then I is unmixed and in turn R is Cohen-Macaulay.
(7) F is aregular sequence iff we have Syz(F) = PSyz(F).

Proof. (1) follows from (Greuel and Pfister, 2007, Exercise 4.1.13). For the proof of the sec-
ond item, we refer to (Kreuzer and Robbiano, 2005, Corollary 5.2.17), see also (Froberg, 1997,
Exercise 7, page 137) and (Lejeune-Jalabert, 1984).

To prove the third item, assume that F is a regular sequence. Then, by (2), the Hilbert
series of 7 can be written as p(¢)/(1 — 1)" ¥ where p is a univariate polynomial with p(1) # 0
and this implies that dim(Z) = n — k. Conversely, let Zle pifi = 0 for some ¢ = 2,...,k
be a relation between the f;’s where each p; is a homogeneous polynomial. We shall prove
that p, € (fi,..., fr-1). Let M be the unique maximal homogeneous ideal of # and P the
localization of # at M (for more details see e.g. (Matsumura, 1986)). Since %y, is an ideal
generated by k elements and of dimension n — k then fi, ..., f; is a regular sequence in #,, by
(Matsumura, 1986, Theorem 17.4). Thus there exist 8, ay,...,a¢,-; € P and B ¢ M (which are
not necessarily homogeneous) such that Bp, = Zf;f a@;fi. Let ] be the homogeneous part of ;
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of degree deg(p;) — deg(f;) and 8’ € K \ {0} be the homogeneous part of degree O of 5. Then we
have p, = Zf;ll a;/f’ fi which implies that p; € {fi,..., fr-1).

Item (4) is a consequence of (2). To show (5), let F’ be a regular sequence. We recall that any
invertible linear change of variables is a K-linear automorphism of  which preserves the degree
of a polynomial. Thus, the dimension over K of 7 for each s as a K-vector space remains
invariant and in turn the Hilbert function and the Hilbert series of 7 do not change. The assertion
now results from (2).

Let us deal with the item (6). Since F' is a regular sequence then by (2) we have dim(J) =
n — k. Thus, by the unmixedness theorem proved in (Macaulay, 1916) (see also (Bruns and
Herzog, 1993, Theorem 2.1.6)) we know that J is unmixed. Thus, from Neether’s Normalization
Lemma (Heintz, 1983, Lemma 1) it follows that R is Cohen-Macaulay.

To prove the last item, suppose that F is a regular. We prove the assertion by induction on
k. For k = 2, assume that (s, s2) € Syz(fi, f2). Then, 511 = —s»f>. Using the fact that f;, f>
is regular, s, € (f}) and we can write it as s, = g1 f;. So, s1fi = —g1f1f> and in consequence
s1 = —gi1fo. It follows that (s1,s2) = g1.(—f2, fi) and this shows the basis step. To prove
the inductive step, suppose that the assertion holds true for all m < k and we want to prove
it for k. Let (s1,...,s;) € Syz(fi,..., fo). Thus, we have scfi = — Y5 sifi € (fi..-. fic1)-

From hypothesis, fi, ..., fi is a regular sequence and so s € (fi,..., fi—1). Therefore, there are
81s--->8k—1 € P such that s, = Zfz_l' gif;- In this situation, we can write

k=1 k=1 k=1

Dsifi+sife= . sifi+ Y gififi =0,

=1 i=1 i=1
which implies that 5" := (g1 fx + S1, ..., 8k—1fx + Sk=1) € Syz(fi, ..., fi—1). However, from induc-
tion hypothesis, we know that s* € PSyz(fi, ..., fi-1). Let s” := (g1fx + 51, -+, k1S + Sk-1,0) +
QIM g+ +8k—1Tk—1 x- It is easy to observe that s = s’" and s” € PSyz(fi, ..., fy) and this proves

that Syz(fi, ..., fi) = PSyz(fi,..., fi)

Conversely, suppose that Syz(F) = PSyz(F). We prove by induction on k that fi,..., f; is
a regular sequence. Suppose that Syz(fi, f>) = PSyz(fi, f2), and for some h, € P, hyf> € (f1).
Thus, there exists #; € P such that h, fj = hyf> and so (hy, —hy) € PSyz(fi, f») = (mi2). This
yields that for a polynomial k3 € P, (hy,—hy) = h3(—fi, f>) which in particular proves that
hy = —hs3f1 € (f1) and so f;, f> forms a regular sequence. Now, suppose that the assertion holds
true for fi,..., f; for each i > 1 and we prove it for fi,..., fir1. Let for some £;’s in P, we have

hiv1 fir1 = Zj‘:l hjf; € {fi,..., fi). This implies that
s = (h1,...,hi,=hix1) € Syz(fi, ..., fir1) = PSyz(fi,.. ., fir1).

Therefore, s = 22:1 Zi:{zl[ +1 PemTem, 1 a Tepresentation in terms of principal syzygies for s
where py,, € P for all £, m. Henceforth, the last component of s is equal to

hiv1 = —ij,i+1fj €St fi),
j=1
and this finishes the proof. O

3. Regular sequences in generic position

Some parts of the materials presented in this section have been already published in (Hashemi
and Seiler, 2020, Section 3), however, for the sake of completeness, we report them here again.
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These results are taken from the French course notes (Lejeune-Jalabert, 1984), where Lejeune-
Jalabert studied the maximum degree of the elements in the reduced Grobner basis of a zero-
dimensional ideal. In particular, in this section, we are concerned with the maximum degree of a
complete intersection ideal in generic position. For this, let us give some further definitions and
notations by keeping the notations of the previous section. The maximum degree of the elements
of the reduced Grobner basis of an ideal 7 with respect to < is denoted by deg(7, <).

The notion of genericity that we consider in this section is Neether position. A homogeneous

ideal 7 c P is in Neether position if the ring extension K[x,-p+1,-...,X,] — R is integral, i.e.
[x;] foranyi=1,...,n— D isaroot of a polynomial X* + [g11X* ' +--- + [g,] = [0] where s is
an integer and gy, ..., gs € K[Xu—p+1,--.,Xn], see e.g. (Eisenbud, 1995; Bermejo and Gimenez,

2001) for more details. As a simple example, one sees that the ideal (x% - x1) € K[x1, x2] is in
Neether position which is not the case for the ideal (x;x,) € K[xy, x2].

Lemma 5. Suppose that fi,..., fx is a regular sequence and I is in Neether position. Then,
fis-es fos Xksls - - - » Xy forms a regular sequence.

Proof. Since I is in Neether position then, from (Bermejo and Gimenez, 2001, Lemma 4.1), it
follows that dim(J + (Xg41, ..., X,)) = 0. Thus the assertion follows from Theorem 4. O

Proposition 6. If f1,..., fi is a regular sequence then hilb(Z) = max{0,d; +--- +dy —n + 1}.

Proof. This equality was proved in (Lejeune-Jalabert, 1984, Remarque 3.2.2, page 104), how-
ever, we give here a simpler proof for it. By the second item of Theorem 4, we know that

k
HS7() = [ [ =M/ =0y = (L oe b 87 (e 71— 2y

i=1
and the claim follows by using Proposition 1. O

Now, we state the main result of this section. Compared to the notes of Lejeune-Jalabert, we
provide here a novel proof based on Grobner bases.

Theorem 7. (Lejeune-Jalabert, 1984, Corollary 3.5, page 107) Suppose that fi,..., fi is a reg-
ular sequence and I is in Neether position. Then deg(Z,<) <dy +---+dr—k+ 1.

Proof. From Lemma 5, we know that fi,..., fi, Xx+1,- . . , X, 1S @ regular sequence. Let J be the
ideal generated by this sequence. By the proof of Proposition 6, we have hilb(J) = d; + -+ +
dr — k + 1. On the other hand, from Theorem 4, it follows that 7 is a zero-dimensional ideal and
in turn hilb(¥) is the maximum degree of the elements of the Grobner basis of . We show that
the maximum degree of the elements of the reduced Grobner basis G of 7 is equal to that of .
For this, we claim that for each g € G, the leading term of g does not contain any of the variables
Xkt1s+-sXn.

We argue by reductio ad absurdum. Suppose, by contradiction, that there exists g € G so
that x; | LT(g) and kK < s < n. Since J is a homogeneous and G is a reduced Grobner basis
then G contains only homogeneous polynomials. Without loss of generality, we may assume
that x; is the smallest variable with respect to < so that x; | LT(g). From definition of <, we

can write g as x;A + B where A € K[xy,...,xs] \ (Xs41,..., %) and B € {(Xg41,...,%,) C P.
It follows that x;,A € 7 + (Xg41,...,X,), and in consequence A € J + (Xs41,...,X,) because
from Lemma 5, x1,..., X, is a regular sequence in the ring /(I + (X441, ..., X,)) and from

6



Theorem 4, any permutation of this sequence remains regular. Therefore we can deduce that
there exists C € (Xs41,...,X,) so that A + C € I. It follows that there exists g’ € G with
LT(g") | LT(A) = LT(A + C) which contradicts the minimality of G; ending the proof. O]

Corollary 8. If fi,..., fn is a regular sequence then deg(1,<) < dy +---+d, —n+ 1.

Remark 9. In the rest of the paper, we refer tod) + - - - + dy — k + 1 as the Macaulay bound and
denote it throughout by M.

4. The F5 algorithm

In this section, we review the theory behind the Fs algorithm to compute Grobner bases, as
the pioneer work to design an incremental and signature-based algorithm for the calculation of
Grobner bases, see (Faugere, 2002; Eder and Faugere, 2017) for more details. For the sake of
simplicity, Bardet et al. (2015) presented the matrix-Fs algorithm; a variant of this algorithm
using matrix structure to compute truncated Grobner bases. Since in the rest of this paper, we
are mainly interested in computing such bases using the Fs structure, we will review the general
idea of the matrix-Fs algorithm from (Bardet et al., 2015).

Below, we recall first some essential notions and definitions that we require in this section.
Following the notations of the previous section and given an integer L, the matrix-Fs algorithm
runs degree-by-degree up to degree L. Thus, the output of this algorithm is indeed an L-truncated
Grobner basis:

Definition 10. Let L be a positive integer. The finite set G C I is called an L-truncated Grobner
basis for I if every term of degree < L in LT(I) belongs to LT(G).

Moreover, to be able to use the Fs criterion, the matrix-Fs algorithm benefits from an in-
cremental structure, i.e. at each degree ¢, it computes {-truncated Grobner bases for the ideals
(10, f15 f2)s - - s {f1,- - -, fr), successively. Indeed at each step, the Grobner basis of the previous
step is used to remove useless reductions. It is worth noting that due to the conditions that we
have forced on the d;’s (which is used in the next section) and for a better performance of the Fs
algorithm, it is better to apply this algorithm on the sequence fy, ..., fi. However, for simplicity,
we keep the fixed order of the f;’s. An interesting idea proposed by Lazard (1983) to compute
truncated Grobner bases is the use of linear algebra techniques on Macaulay matrices. The ori-
gin of these kind of matrices is traced back to the works of Macaulay (1903). The Macaulay
matrix associated to the ideal (fi, ..., f;) at the given degree ¢, denoted by Mp;, has its columns
indexed by all terms of degree ¢ sorted decreasingly according to <. Moreover, for each j < i
and each term m of degree £ —d;, if any, we add one row whose entries are the coeflicients of mf;
written in the appropriate columns. Indeed, this matrix is associated to the %K -linear map which
sends (hy,...,h;) to f := hy fi +-- -+ h;f; where f is a homogeneous polynomial of degree £ and
for each j, if h; is non-zero, it is a homogeneous polynomial of degree £ — d;. To apply the Fs
structure, we need to label each row with a signature of the form (u,, j,) where u, is a term and

Jjr €1{1,...,i}. The general form of this version of the Macaulay matrix is written as follows:
m np ... Mg
(w1, j1) (a1 a2 ... ai
(w2, j2) a1 axm ... a
i = .
(us, ) g Ap ... g
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Signatures are used to order the polynomials (to control the division of polynomials) in order to
apply the Fs criterion. To order the signatures, we write (u,, j,) < (4., jo) Whenever j, < j, or
Jr = je and u, < u,. The signature (u,, j,) associated to the r-th row shows that the corresponding
polynomial a,;m; + - - - + a,sm; is presented as the sum of u, f; with some smaller polynomials.
Once the Macaulay matrix is produced, we perform valid Gaussian elimination operations on
M, ; to reduce the rows by respecting the signatures. More clearly, given two rows R, and R;
with signatures (u,, j,) and (i, j.) respectively and given A € %K, the row R, can be substituted
by R, + AR, only if (u, j.) is smaller than (u,, j,). Let /\;(g,; denote the result of performing
valid Gaussian elimination operations on M;;. The efficiency of the matrix-Fs algorithm comes
from applying the well-known Fs criterion to detect the reductions to zero (Bardet et al., 2015,
Proposition 8). Due to this criterion, in the construction of M if we find a row whose signature
is of the form (m, i) and m is divisible by the leading term of an already computed row with the
signature (m’, j) so that j < i then that row is superfluous.

Theorem 11 (Fs criterion). Keeping the above notations, any row in Mg; with the signature
(m, i) such that m is the leading monomial of a polynomial constructed in M;_q,;—1 linearly
depends on the other rows of Mg; and in turn can be removed.

Assume that we have already computed /\7((,,- for any € < L and any i < k. Then, to construct
an L-truncated Grobner basis for 7, we first produce M,;.1. In this process, if the Fs criterion
is applicable then we use it to remove useless rows. Once we compute M1, ..., M, then we
go for the next degree and continue to reach an L-truncated Grobner basis for 7. Finally, it is
worth noting that for an enough large value of L, an L-truncated Grobner basis for J remains
a Grobner basis for the ideal. However, if we do not know in advance this value of L, then
using Buchberger’s first criterion, we must continue to find a value for L such that applying the
matrix-Fs algorithm on (f, ..., f;) from degree L up to 2L does not give rise to any new leading
terms.

5. An effective regular sequence test

In this section, we apply the matrix-Fs algorithm to detect whether a given sequence of
homogeneous polynomials is regular. Moreover, we study the complexity of transforming an
ideal (resp. generated by a regular sequence) to Ncether position (resp. and computing a reduced
Grobner basis for the new ideal). To do so, we first investigate some properties of the matrix-Fs
algorithm whenever the input polynomials form a regular sequence. The following key lemma
was already given in (Faugere, 2002) (see also (Bardet et al., 2015, Theorem 9)), but without a
complete proof which we provide here for the convenience of the reader.

Lemma 12. Let L = deg(Z, <). No reduction to zero will occur during the execution the matrix-
F’s algorithm to compute a(n L-truncated) Grobner basis for I iff fi,. .., fi is a regular sequence.

Proof. By reductio ad absurdum, assume that Z{Zl h;f; = 01is a reduction to zero with the sig-
nature (LT(%;), j) occurred in the course of the algorithm to compute a Grobner basis at the j-th
step. Thus, from assumption we have h; = é;: pefe € {fi,- .., fj-1) for p, € P. Consequently,
LT(h;) is divisible by the leading term of some polynomial in a Grobner basis of j — 1-th step.
Thus, it would be detected by the Fs criterion (see Theorem 11), leading to a contradiction.
Hence, no reduction to zero will be appeared during the execution of the matrix-Fs algorithm.
For an alternative proof, see (Bardet et al., 2015, Theorem 9).
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To prove the converse result, let fi,..., f; be the input of the matrix-Fs algorithm and no
reduction to zero occurs during the execution of this algorithm. We show that this sequence is
regular. Suppose that 4f; € (fi,..., fi-1) where h € P and Grob;_| = {g1,...,g¢} is a Grobner
basis of (fi,..., fi-1). Furthermore, assume that & is not reducible by Grob;_; and h has the
minimal leading term w.r.t < among all the polynomials having these properties. In this situation,

there exist Ay, ..., he such that if; — 29;11 hjg; = 0. However, this expression exhibits a linear
dependency in the matrix M;; where { = deg(hf;) and this leads to a reduction to zero in the
i-the step. This contradiction ends the proof. O

Example 13. In this example, we show that the method presented in Lemma 12 is not in general
effective to test whether a given sequence of polynomials is regular. For example, let us consider
the ideal 1T = (xfx4 - 11x§X4 + 10x5x4 + 10x§x4 + IOxg, IOX%)@ - 11x§x3 + 10x§x3 + 10x3x3 +
10x§, 10x1x§0— 1 lxgoxl + 10x§8x1x§+ 10x§8x1x2+ 10x§1 s 10x$xz— 1 lxgxz+ 10xzx§+ IOxzxi+ 10xg>
and the drl ordering with x5 < x4 < x3 < X3 < x1. Then, the matrix-Fs algorithm needs
to continue up to degree 39 to compute a Grobner basis for this ideal and to be sure that the
generating set of I is a regular sequence. Below, we will show that we can check this property
in a lower degree.

The next corollary is helpful in the proof of the main result of this section.

Corollary 14. Assume that we are applying the matrix Fs algorithm to compute a Grobner
basis for I = (fi,..., fr). Then, at the i—th step of this computation, a reduction to zero at
degree € happens iff there exists a polynomial h ¢ {fi,..., fi-1) of degree € — d; such that hf; €

<f17""ﬁ—l>-

Proof. The proof is a straightforward consequence of the proof of Lemma 12. O
Let us state the main result of this paper.

Theorem 15. Let consider the sequence F = fi,..., fi with d; = deg(f;) for each i and d =
di = -+ = dy. Then, F is regular iff there exists no reduction to zero up to the degree M :=
di + -+ di — k+ 1 during the execution of the matrix-Fs algorithm to compute an M-truncated
Grobner basis for I. Moreover, if d > 2, the arithmetic complexity of this test is d°®

Proof. From Neether normalization lemma (Kemper, 2011, Remark 8.20) and using the fact that
K is infinite, there exists a linear and invertible transformation ¢ such that ¢(J) is in Noether
position. Note that ¢ transforms a homogeneous polynomial into a homogeneous polynomial
of the same degree. Furthermore, from Theorem 4, it follows that F is regular iff o(F) :=
©(f1)s - .., ¢(fi) is a regular sequence. Finally, from Theorem 7, we know that deg(¢(7), <) < M.

Suppose that F is not a regular sequence. So ¢(F) is not regular too. Now, using the latter
inequality, assume that we compute a full Grobner basis or equivalently an M-truncated Grobner
basis of ¢(J) by applying the matrix-Fs algorithm. According to Lemma 12 and Corollary 14,
there exist an index i and £ < M so that a zero reduction corresponding to the relation z;¢(f;) +
-+« + hip(f;) = 0 occurs where h; € (o(f1),...,¢(fi-1)) and deg(h;f;) = £. However, applying
¢! on these relations results that ¢ '(h)fi + - + @ '(h)f; = 0 and @~ '(h;) ¢ (fi,..., f-1).
Therefore, from Corollary 14 it yields that a reduction to zero at degree ¢ appears during the
execution of the matrix-Fs algorithm on fi, ..., f;. Since all used implications hold true in both
directions, the converse holds true as well.

To prove the complexity bound, applying the first result, we shall need to construct an M-
truncated Grobner basis of 7 by using the matrix-Fs algorithm. For this, we need to construct

9



M;;foreach{ < M andi = 2,...,k. Letus discuss the size of My, which has the biggest size

among all the constructed matrices. This matrix has Zf‘zl ("”Z:f"’l) rows and (”?_41’ 1) columns.

From (Hashemi and Lazard, 2011, Lemma 3.2), we know that (";}K’l_ ]) < (ed)"! where e =
2.71828 - - - is the usual Euler number. If k > n then, F is not regular. Thus, we will assume that
k < n. Itis easily seen that the number of rows is at most n(ed)"~'. On the other hand, from d > 2
we have n < d". All these arguments along with the fact that the cost of performing Gaussian
elimination on an N X N matrix is N with w < 2.3728639 (see (Alman and Williams, 2021; Le

Gall, 2014)) proves the assertion. O

As a consequence of the proof of this theorem, we show that, we are able to transform a
complete intersection ideal into Ncether position and at the same time compute a reduced Grobner
. . . . . . 2
basis for the new ideal with the arithmetic complexity 4",

Proposition 16. Let us consider the regular sequence F = fi,..., fy with d; = deg(f;) for each
iand?2 <d:=dy 2 --- > dy. Then, transforming the ideal I into Neether position as well as

constructing the reduced Grobner basis with respect to < for the new ideal can be performed in
dom,

Proof. This proof follows essentially the same steps as the proof of (Giusti, 1988, Theorem
5.6.3) which goes back to Lazard (Lazard, 1977, Algorithm 7.2). For this purpose, for a fixed
integer 1 < i < n, consider the (parametric) linear change ¢; of variables which sends x; for each
J > ito x;j + a;;x;. Thus, we obtain polynomials ;(F;) := @i(f1),...,i(f;) and in turn the ideal
wi(X;) € Klaiit1y, - - - » ainllx1, . . ., x,] generated by these homogeneous polynomials. As already
mentioned, Neether normalisation lemma (Kemper, 2011, Theorem 8.19) shows that there exists
a;;’s in K such that ¢;(J;) is in Neether position. Our aim is to determine, for each i, the values
for the a;;’s such that ¢;(Z;) is in Neether position and simultaneously to find the reduced Grobner
basis for ¢;(1;).

For i = 1, consider the map ¢; by sending x; for each j > 1 to x; + a;x;. Then, ¢;(f;)
is a polynomial with the leading term x‘f‘ whose coefficient is a polynomial in ‘K[ais,...,d,]
of degree d;. From (Giusti, 1988, Proposition 5.3.5), it follows that given a polynomial f in n
variables of degree ¢, one needs to perform 6% operations to get a point (ay, ..., a,) € K" such
that f(ai,...,a,) # 0. This shows that the number of operations to find ay», ..., a;, such that
@1(I) is in Neether position is 9™ < d°"™ (note that this complexity includes also the cost of
all intermediate operations such as the distribution of polynomials).

Now, without loss of generality, assume that the ideal 7,_; = {(fi,..., fi—1) is in Ncether
position. Let ¢; be the linear transformation which maps x; for each j > i to x; + a;;x;. Let us
consider the classical Macaulay matrix”> Mac; of degree M; := d; + --- + d; — i + 1 by using
@i(f1), ..., ¢i(f)). The entries of this matrix lie in the ring K[ai(+1, . . ., aix] and the degree of
each entry in terms of these parameters is at most M;. Performing elementary row operations on
Mac; over this ring transforms it to row echelon form. Let us refer to this new matrix as Mac;.
Since Mac; is of size d° xd?™ (see the proof of Theorem 15), then it is not hard to see that each
entry of Mac; is a quotient of polynomials which have degree at most 4°”. Hence, the number
of field operations to find the point (gj¢+1), - - -, @in) such that the values of all pivots of Mac; at
this point are all non-zero is 4o, By replacing the values of the a;;’s in ¢;, we get the map ¢;,
which transforms 7; into Neether position. By Theorem 7, we know that deg(y;(1;), <) < M;.

2From this we mean, we do not use the signature structure and in addition we do not remove any rows.

10



Therefore, replacing the values of the g;;’s in Mac; gives the reduced Grobner basis for ¢;(1;)
with respect to <. These arguments show that the whole number of field operations to transform
7; into Neether position is %), Since, k < n and n < d" the claim is finally established. O

Below, we show that a similar complexity holds in the case that F' is not regular. For this
purpose, we need a classical result in commutative algebra which states that if F is not a regular
sequence then by a combination of the f;’s, we may assume that F contains the longest possible
regular sequence inside the ideal 7.

Lemma 17. ((Lejeune-Jalabert, 1984, Prop. 4.1, page 108)) There exist homogeneous polyno-
mials g1, ...,8n—p € P such that the following conditions hold:

(1) deg(g;) = d; for each i,
(2) gi= Aifi mod {fis1,...,[fx)forsomeQ + ;€ Kfori=1,...,n—D,
(3) g1s---+8n-p is regular sequence in P.

Theorem 18. Keeping the notations of Proposition 16, assume that F is not necessarily regular.
Then, transforming the ideal T into Neether position has the complexity of (kd™)°®™.

Proof. Using Lemma 17, assume that g,...,g,—p is a regular sequence inside the ideal 7. It
is clear to see that the K -linear space generated by homogeneous polynomials of degree M in
{g1,---,8n-p) 1s a subset of the space generated by polynomials of degree M generated by F. On
the other hand, if the map ¢ transforms (g, .. ., g,—p) into Neether position then it transforms 1
into this position as well. From the proof of Proposition 16, we conclude that working on the
K-linear space generated by F at degree M produces the desired map to transform 7 into Neether
position. For this purpose, it is equivalent to consider the classical Macaulay matrix of F at this
degree. Below, we need the number of rows and columns of this matrix which are (kd")°" and
d°™ respectively.

Let ¢; be the linear transformation which sends x; for each j > 1 to x; + ay;x;. Let
Mac, be the Macaulay matrix at degree M of ¢;(f}),...,¢1(fi). The entries of Mac, lies in
Klaiz,...,a1,] and have degree at most M. From the proofs of Theorem 15 and Proposition
16, we conclude that the size of this matrix is k(ed)"! X (ed)"~' which can be interpreted as
(kd™)°V x d°™_ By means of a finite sequence of elementary row operations, let us transform
Mac; in row echelon form and Mac; be the new matrix. Note that we do not need to complete
this process and it suffices to find a new matrix such that there exists a row whose pivot is a
pure power of x;. The entries of Mac, have degree at most (kd")®". It follows that the num-
ber of field operations to find the point (aj»,...,a;,) such that the value of the desired pivot of
Mac at this point is non-zero is (kd")®™ (this complexity includes the cost of performing the
elementary row operations). Therefore, within this complexity, we are able to find the map ¢;
such that a pure power of x| appears in ¢(Z). By repeating this process fori = 2,...,n — D
(note that in the i-th step, we perform the map ¢; on ¢;_; o --- o ¢;(F) we get the complexity
(n = D)(kd™°™ = (kd™)°™. This yields the map ¢,_p o - - - o ¢; which transforms I into Neether
position. [

Remark 19. We shall note that the complexity (nkd)o(”z) = (kd)o("z) has been proved in (Giusti,
1988, Theorem 5.6.3). We think that our proof of Theorem 18 is simpler than the one given in
that paper. Furthermore, in (Giusti and Heintz, 1993) (see also (Giusti et al., 2000, Theorem 3)),
a randomised algorithm has been described which transforms the ideal I into Neether position
within the complexity of (kd™)°".
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Remark 20. The aim of this paper is not to discuss the efficiency of the proposed algorithm
to transform ideals into Neaether position. In this paper, we only consider the complexity issue
related to this problem. In the proof of this theorem, we do not need to take into account the
complexity of finding gi,...,gu—p by applying Lemma 17. Studying this complexity will be the
subject of another work.

We have implemented the matrix-Fs algorithm to apply Theorem 15 to test whether or not a
given sequence of polynomials is regular. However, since in this algorithm, we need to construct
all the intermediate matrices degree-by-degree then it is not efficient enough in practice. Then,
we implemented the classical Fs algorithm (Faugere, 2002) to detect whether a given sequence
of polynomials is regular. For this purpose, it is enough to restrict the degree of the computation
by the Macaulay bound M for each step of the computation. In the sequel, we use this variant of
the Fs algorithm and refer to it as FsM. To show the efficiency of this approach in practice, we
have implemented a prototype version of both Fs and FsM algorithms in MapLE 17. The source
code of these algorithms as well as the used examples are available at http://amirhashemi.
iut.ac.ir.

All the experiments were made on an Intel(R) Core(TM) i7-2620M, 2.70 GHz, 4GB RAM
and 64 bits running under Windows operating system. All computations have been done over the
field Q. The results are shown in the following table where the first column shows the the name
of the instance (see the appendix). The ”Time” and "Memory” columns indicate, respectively,
the CPU time in seconds and the amount of used memory in gigabytes of the computation.

Remark that for each regular sequence fi,..., fi with deg({fi,..., fr),<) > M, the FsM
is more efficient than the Fs algorithm (note that all the selected examples in the appendix are
regular sequences satisfying this property and they have been chosen randomly). In addition, we

note that in the case that fi, ..., f; is not regular both algorithms share the same efficiency as
well.
Sequence Fs FsM
Time | Memory | Time | Memory
Seq. 1. 22 0.12 0.66 0.04
Seq. 2. 24 1.7 0.33 0.03
Seq. 3. 28 1.8 1 0.07
Seq. 4. 33 7.6 0.73 0.33
Seq. 5. 37.2 23 5.1 0.25
Seq. 6. 54.3 2.92 5.1 0.25
Seq. 7. 56.3 4.4 0.27 0.02
Seq. 8. 80 4.6 3 0.19
Seq. 9. 122 7.1 9 0.5
Seq. 10. | 718.92 31.81 6.2 0.33

Table 1: Comparison of the F5 and FsM algorithms.

6. New degree upper bounds

In this section we study the degree upper bounds for the Grobner basis of an ideal generated
by a regular sequence. Our new bound is obtained by analysing the methods presented in (Dubé,
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1990) and (Mayr and Ritscher, 2013) in the special case that the given ideal is generated by a
regular sequence. For this, we first recall some basic definitions from (Dubé, 1990). If G is a
Grobner basis for 7 then we let Ny = {NFs(f) | f € P}.

Definition 21. e For a homogeneous polynomial h and the subset u C {x,....x,}, the set
C(h,u) = {gh| g € K[ul} is called the cone generated by h and u.

o A set P = {C(hy,uy),...,C(h,uy)} of cones is called a cone decomposition for T C P if
every polynomial in T can be uniquely written as the sum of the elements of C(h;, u;)’s.

Example 22. For example, the set {C(x1x2,{x1, X2, X3}), C(x2X3, {X2, x3})} is a cone decomposi-
tion for the ideal T = {x1x3, xox3) C K[x1, x2, x3].

For a cone decomposition P, the notion P* refers to {C(h,u) € P | u # 0}.

Definition 23. Let k be a non-negative integer and P a cone decomposition for the set T C P.
Then, P is called k-exact if the following conditions hold:

1. there is no cone C(h,u) € P* with deg(h) < k,

2. for each C(g,v) € P* and k < d < deg(g), there exists C(h,u) € P* with deg(h) = d and
lue > V],

3. for each d, there exists at most one C(h,u) € P* with deg(h) = d.

Example 24. Let us consider the ideal T = (x?, X1X2X3, X%)Q) C K[x1,x2,x3]. Then, cone de-
composition {C(1,{xz, x3}), C(x1, {x3}), C(xlx%, {x2}), C(x1x2,{}), C(xf, {x3})} is a 0-exact decom-
position for Ny.

Definition 25. Let P be a k-exact cone decomposition. For each i = 0,...,n + 1, the i-th
Macaulay constant of P is defined to be

bi = min{d > k | YC(h,u) € P;lul > i = deg(h) < d}.

We note as a simple observation that by > by > --- > b,,; = k. It was shown in (Hashemi
et al., 2022, Proposition 3.2) that if we fix the Macaulay constant b,.; := d, then the other
Macaulay constants remain unique. In Example 24, the Macaulay constants for the given cone
decomposition are by = 4,by = 4,b, = 1,b3 = 0 and by = 0. (Dubé, 1990) by applying some
combinatorial arguments to bound the Macaulay constants of any cone decomposition of Ny,
found a degree upper bound for any reduced Grobner basis of 7.

(Mayr and Ritscher, 2013) provided a deeper analysis of the method due to Dubé to give a
dimension-depending upper bound for Grobner bases. Let us quickly recall some results from
their paper. Furthermore, let 7 be generated by the homogeneous polynomials fi,..., fi € P
with deg(f;) > --- > deg(fy) and D = dim(Z). One of the main topics discussed in (Mayr
and Ritscher, 2013) is to embed a homogeneous regular sequence gi,...,g,—p in I such that
deg(g;) = deg(f;) for 1 < i < n— D. Schmid in (Schmid, 1995, Lemma 2.2) (see also (Mayr
and Ritscher, 2013, Lemma 9)) proved that by a generic linear combination of the f;’s one can
always find such a regular sequence. In addition, Mayr and Ritscher in (Mayr and Ritscher, 2013,
Lemma 21) proved the following auxiliary decomposition

k
Iz(gla~~wgn—D>@@fi'N$,1:f,» (1)
-1
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where J; = (g1,..-,8u-D> f1,--.,fi). Then they used this decomposition (Mayr and Ritscher,
2013, Lemma 22) to show that any 0-exact cone decomposition Q for Ny can be extended to
a deg(f1)-exact cone decomposition P for Nq where J = (g1,...,8n-p) such that deg(Q) <
deg(P). Finally, they proved a dimension-depending upper bound for the Macaulay constant
ap = deg(P) + 1 of P which remains an upper bound for the maximum degree of the polynomials
in any reduced Grobner basis of 7. In the case that fi,..., f; forms already a regular sequence,
we do not need to embed a regular sequence in the ideal 7 and this may entail to a slightly sharper
upper bound, see the next theorem.

Theorem 26. Let I C P be the ideal generated by the homogeneous regular sequence f, ..., fi
of degrees di,...,dy with dy ---dy > 2. Then, the maximum degree of the polynomials in any

2n7kfl
reduced Grobner basis G of I is bounded above by 2(d1 ceedy/ 2) whenever n—k > 1. In the
case that k = n, the upper bound becomes dy + ---+d, —n + 1.

Proof. By the above notations, since 7 is generated by a regular sequence then there is no need
to construct J;’s and this provides the first improvement. Thus, instead of considering a d-exact
cone decomposition with d = max{d, ..., d;} we can consider a 0-exact cone decomposition P.
Suppose that n — k > 1 and by, ..., b, are the Macaulay constants of Ny corresponding to P.
Using (Hashemi et al., 2022, Lemma 3.5), we conclude that b; = O fori=n—-k+1,...,n+ 1.
Now, we proceed by induction to show that b;_; < b? /2 for each 2 < s < n — k. For the basis of
the induction, we show that b, _;_; < b2 _«/2. By applying (Hashemi et al., 2022, Theorem 4.5),
we have b, =d;---dyand b,,_;_| = bn /2= bugldy + -+ di — (k+ 1)]/2. Since d; € N for
everyiandd,---dy > 2thend; +---+dy— (k+1) > 0and in turn b, 4| < bi_k/z. To prove
the induction step, we have b; > --- > b,_; > 2 and therefore we are able to follow the proof of
(Mayr and Ritscher, 2013, Lemma 31) to get b;_; < b? /2 for any 2 < 5 < n — k (note that the
proof of the induction basis was missing in (Mayr and Ritscher, 2013) and we gave it here for
the sake of completeness). It follows that by < 2(b,_x/ Z)ZH_I. On the other hand, from (Dubé,
1990, Lemma 7.2.), the maximum degree of the elements of G is at most by. Furthermore, since
7 is generated by a regular sequence then it was shown in (Hashemi et al., 2022, Lemma 4.4.)
that by = by. These arguments show that by = b; < 2(19,1_;{/2)2“_1 is an upper bound for the
maximum degree of the elements of G. In the case that k = n, from Corollary 8, the desired
upper bound becomes d; +---+d, —n+ 1. O

7. Conclusion

In this paper, by applying the structure and properties of the (matrix-)Fs algorithm, we pre-
sented an effective method to test whether a sequence of homogeneous polynomials is regu-
lar. Furthermore, we gave a sharper degree upper bound for the maximum degree of the ele-
ments of any reduced Grobner basis of an ideal generated by a homogeneous regular sequence.
Now, an interesting question that may arise is how we can give a similar complexity bound
to test whether a sequence of not necessarily homogeneous polynomials is regular. The first
idea that comes to mind is to homogenize the given sequence and apply then the method de-
scribed in this paper. However, this does not work in general As a simple counterexample,
let fi = x3 1% — xg,fz = x%x% - x4 and f3 = xlxg - x be a sequence of non-homogeneous
polyn0m1als in @[XI,XZ,X3,X4,X5] It can be easﬂy seen that this sequence is regular. Let
= xjx, = x5h, f) = xjx5 — x;h and f} = xlx2 — x2h, be the homogenization of the f;’s
with respect to the new variable . Since (fh, fh) has dimension 4 in Q[xy, x», X3, X4, X5, 1],
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then f{', fzh, 3/1 is not regular (see Theorem 4). So, as a future work, we intend to provide an
effective method to test whether a given sequence of affine polynomials is regular or not.

Another direction of research is to improve the complexity bound presented in Proposition
16. Using the approach described in (Hashemi et al., 2018) and linear algebra techniques, we
believe that we are able to establish the complexity d°™ to transform a given homogeneous ideal
into Neether position and compute a reduced Grobner basis for the new ideal in the case that
the given ideal is complete intersection, see (Giusti and Heintz, 1993). Furthermore, we will
investigate to extend this study to other notions of genericity in order to provide an effective
method to compute Pommaret bases.

Appendix

Sequence I = —xjx;x3 + Xoxjxl — x3xi!,
x%xgx3 - x%xi - xlxg + x§x§x4 + x%xyci,
—X? + X]X% + xlxg

Sequence 2 = x]x; — Xjxixd — xixaxdagxs + xxoxl + xiagxd — Babal,
xlxg + )CIX%)C4 + xlexZ + )CQ)Cg - xﬁ,
xf - xfxz + x%x3 + xlxg - xlxg - xg + )C%Xg,

Sequence 3 = —xjx3 — X]X3X, — XiX3XE + X XaX3ATXE — X X200 + X1 Xy
—xix%xixg - xz)c%x?lxgl - xgxz,
x%x_% + )C%)Cz)m + Xng - )C2X§X4 + szi + x3xi + )Cj,
—x; - x%x3 — X1X2X3 + 2x1x% - x%x3 + 2x2x§

Sequence 4 = —X])szz)C5 - x?x4x§ + x‘z‘xgxg,
—x‘llxg - xlxgxg - x§x§x4,
—x? — X1 X2X3 — xg

Sequence 5 = x‘fx;m + x?x2x§x4x§ + x§x4x;,
Xng - x‘l‘xzx4 + x?xi - x%x§x3x4 + x1x§x4 - xéxi + xgxi,
x? — X1X2X3 — x1x§ - x§x3

Sequence 6 = —x?x%x%x;; + x?x;;xs - x?xgxs + x%xgxg - x%xgxgxixs - x?x%x;‘xg,
X%X% + X?X4 + X%XQ)C_g - )ﬂx; + )C])Cg + .X|X3X421 - xlxi + x%xi + )C3)CZ,
—x + 2032 + x5 — X3 — X3

Sequence 7 = —x%x;xi)g + x?xycg + x‘?xzxix‘s‘ - x‘;x3xfxg + xlexg‘,

xg - x?x§x4 - x%xzxi + x3x3x4 + xgx§x4 - xg,

3, .2 2 2
—X| + X[ X2 — 2X1 X5 — X1X5
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Sequence 8 = x%xéx%x;; - x?xzxi)g - x?x%x§x4x5 + x%x%)@xixs + xlxgxi - x1x3x§
xS+ 2,
—x%x% + X%XQX4 + x1x2x§ - )Cl)CQ)Ci - x1x3xﬁ — xlxi - )CS)C3 - X2X§X4 + xgt,
—x? + xzxg

Sequence 9 = x]x3x4 + X x0x3x4x% — xFaSx3xg + xF0x) — X138 + xaxiadal,

3 2 3 2 4
—X]X3 + X1 X5X4 + X5X3 + X2 X3X4 + Xy,

32 2 2 3
2X] — X)X + X1X3 + X[ X5 — X(X2X3 + X,

_  _.3.6 _ 6.5 6. .23 210
Sequence 10 = X1 Xy X3X4X5 — X) X2 X5 — Xy X3 X3 X5 — X3 X5
X]ng3 - x?x%x;; + X%X}Xi + xlxgxﬁ - xlxi,

x? - X%)Q — X1X2X3 — )Qx%
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