COMPUTER ALGEBRA AND FIELD THEORIES

J. CALMET AND W.M. SEILER

Abstract. We discuss some non-standard applications of computer algebra in field theories based on the formal theory of differential equations and present a general programming environment for differential equations currently under construction in MuPAD.

1. Introduction

The application of computer algebra to field theories has so far been dominated to a large extent by high energy physicists computing Feynman diagrams. In fact, this application has been quite important for the history of computer algebra, as it was one of the driving forces behind the development of the first general purpose systems like Reduce in the sixties.

Today, thirty years later, the generation and computation of Feynman diagrams still represents the main application of computer algebra in field theories and has become a huge “industry”. Other topics have remained relatively exotic. There exist some packages for tensor manipulations (though they are more popular in general relativity) and some packages for calculations with Lie algebras or super fields, see e.g. [3, 8, 12, 16]. However, none of them has found wide spread use.

Many high energy physicists have forgotten that the core of a field theory consists of a system of partial differential equations, namely the field equations. This is in marked contrast to other domains like elasticity or fluid dynamics where the analysis of the field equations lies in the very center of the theory.

It is the purpose of this short note to show how the formal theory of differential equations provides not only a nice theoretical framework to study many important issues in field theory but also allows us to approach them in an algorithmic way well adapted to computer algebra. The theoretical aspects will be covered in the next section. Section 3 discusses the implementation in a computer algebra system. Finally, some conclusions are given.

2. Field Theories and Differential Equations

Most modern field theories are gauge theories. At the level of the field equations this entails that these do not any longer form a normal system (or system in Cauchy- Kowalevsky form). In a normal system there exists a distinguished independent variable (usually the time t) such that every equation can be solved for a t-derivative and on the right hand sides no t-derivatives occur. Due to the presence of the gauge symmetry, field equations are under-determined and constraints appear.

1991 Mathematics Subject Classification. Primary 68Q40, 70G50, Secondary 35G20. Key words and phrases. Field theories, differential equations, computer algebra. This work was supported by Deutsche Forschungsgemeinschaft. 1

The treatment of systems with constraints was pioneered by Dirac [5, 6]. But he also introduced the somewhat dubious “strategy” that has been taken up by most of the literature on this subject: theorems are proven only for finite-dimensional systems (i.e. for ordinary differential equations) but nevertheless applied without hesitation to field theories. We pointed out some caveats and problems of this approach in two recent articles [21, 23].

In the first [23] of these articles we showed that from a mathematical point of view the Dirac theory is just a special case of the general problem of completing a system of differential equations. Even for systems of partial differential equation general solutions of this problem have been developed long before Dirac. However, they remained fairly unknown. Two examples are the Janet-Riquier theory [11] with the notion of a passive system and the Cartan-Kähler theory [2] of exterior systems with the notion of involution.

We used in our above mentioned works on constrained dynamics the formal theory of differential equations [13, 17]. It combines elements of Janet-Riquier and Cartan-Kähler theory and provides a general intrinsic completion algorithm, the Cartan-Kuranishi algorithm. For finite-dimensional Hamiltonian systems it coincides with the Dirac algorithm; in the infinite-dimensional case we could show that in general the Dirac algorithm does not suffice to prove the consistency of a field theory, as it does not always complete the field equations.

Another important aspect of constrained dynamics besides the question of completion is to count the degrees of freedom of a theory. In [23] we presented a new intrinsic approach to this question. It is based on earlier work [18, 20] on the arbitrariness of the general solution of involutive systems with special emphasis on the correct treatment of gauge symmetries. As a concrete example we studied in some detail the two-dimensional dilaton gravity [24].

3. Computer Algebra

Many applications of computer algebra to differential equations have been reported in the literature. However, most of them are stand-alone packages, i.e. the author(s) developed an algorithm for some specific problem and implemented it. Since no computer algebra system provides default data structures for differential equations, every author designs his own structures.

For simple tasks this approach may suffice, but for more complex problems it faces limitations. Imagine that you want to apply the Lie symmetry theory to some system of partial differential equations. You will probably use one of the many symmetry packages [10] to set up the determining equations. In order to solve these it is often useful to complete them to a passive or involutive system. Again you can choose from a number of packages, e.g. [14]. Finally, you may have found a symmetry and want to perform a corresponding change of variables. Procedures for this are contained in various packages, e.g. [4].

So far this sounds promising. But in practice you will discover that the packages have been written by different authors and are based on different data structures. Thus you must write conversion routines in order to be able to process the output of one package with another one. This is not only time consuming, often it is almost impossible, as the used data structures are not always well documented.

One way out is a toolbox like [4] with many utility procedures for differential equations. But this provides only a partial solution. Complex algorithms like

COMPUTER ALGEBRA AND FIELD THEORIES 3

the Cartan-Kuranishi completion are based on subalgorithms like determining the dimension of a differential equation. The implementation of these might differ for different classes of differential equations: for linear systems Gaussian elimination suffice; for a polynomial system one must apply much more expensive Gröbner bases techniques.

In conventional computer algebra systems no really satisfying solution for this problem exists. Essentially, one must implement a separate completion procedure for each class of differential equations which makes maintenance quite tedious. In principle, computer science has already developed an answer for this and similar problems: object-oriented programming with abstract data types.

Only few computer algebra systems apply this modern approach. Axiom is completed based on it. MuPAD has the domains library [7] which is closely integrated into the system. The domains library of Maple (formerly called Gauss [9]) is on the surface similar to the one in MuPAD but much less integrated into the system. However, one must say that object-oriented techniques in computer algebra still belong to the “non-standard applications”.

We have started developing an object-oriented programming environment for differential equations. A first prototype was implemented in Axiom and proved to be very useful in the development of a completion and a symmetry package. Details and examples of its use can be found in [15, 19]. Currently we are porting the environment to MuPAD where it will be part of future versions of the system.^1

4. Conclusions

We briefly discussed a novel mathematical approach to field theories based on the formal theory of partial differential equations and the application of computer algebra to it. This new point of view directly relates a physical theory with a well established mathematical theory. Whereas the Dirac algorithm solves one special problem in constrained dynamics, the problem of completion is much more general and occurs in many fields. Thus our completion package is not only more powerful than previous implementations [25] of the Dirac theory, it can also be applied to a much wider range of problems.

Another “rediscovery” of the completion problem is currently happening in numerical analysis. Here it appears in the form of the (differential) index [1] of a differential algebraic equation. Again the theory is rather well understood in the finite-dimensional case, but the extension to infinite-dimensional system proves to be rather difficult. A brief discussion of the application of formal theory to this domain and its relation to the Dirac theory can be found in [22].

References

[1] S.L. Campbell and C.W. Gear, The index of general nonlinear DAEs, Numer. Math. 72 (1995), 173–196.

[2] E. Cartan, Les Systèmes Différentielles Extérieurs et leurs Applications Géométriques, Hermann, Paris, 1945.

[3] L. Castellani, SUPERGRAV — a REDUCE-package for Bose-Fermi exterior calculus and the construction of supergravity actions, Int. J. Mod. Phys. A 3 (1988), 1435–1449.

[4] E.S. Cheb-Terrab and K. von Bülow, A computational approach for the analytical solving of partial differential equations, Comp. Phys. Comm. 90 (1995), 102–116.

1Experimental versions of our programs can already be downloaded in the WWW under the

URL: http://iaks-www.ira.uka.de/iaks-calmet/werner/mupad.html.

[5] P.A.M. Dirac, Generalized Hamiltonian dynamics, Can. J. Math. 2 (1950), 129–148. [6] , Generalized Hamiltonian dynamics, Proc. Roy. Soc. A 246 (1958), 326–332. [7] K. Drescher, Axioms, categories and domains, Automath Technical Report No. 1, Universität Paderborn, 1996.

[8] R. Grimm and H. Kühnelt, Using REDUCE in problems of supersymmetry and supergravity, Comp. Phys. Comm. 20 (1980), 77.

[9] D. Gruntz and M.B. Monagan, Introduction to GAUSS, MapleTech 9 (1993), 23–35. [10] W. Hereman, Symbolic software for Lie symmetry analysis, CRC Handbook of Lie Group Analysis of Differential Equations, Volume 3: New Trends in Theoretical Development and Computational Methods (N.H. Ibragimov, ed.), CRC Press, Boca Raton, Florida, 1995.

[11] M. Janet, Sur les Systèmes d’Équations aux Dérivées Partielles, J. Math. Pure Appl. 3 (1920), 65–151.

[12] V. Lucic, DILL — an algorithm and a symbolic software package for doing classical supersymmetry calculations, Comp. Phys. Comm. 92 (1995), 90–110.

[13] J.F. Pommaret, Systems of partial differential equations and Lie pseudogroups, Gordon & Breach, London, 1978.

[14] G.J. Reid, Algorithms for reducing a system of PDEs to standard form, determining the dimension of its solution space and calculating its Taylor series solution, Eur. J. Appl. Math. 2 (1991), 293–318.

[15] J. Schü, W.M. Seiler, and J. Calmet, Algorithmic methods for Lie pseudogroups, Proc. Modern Group Analysis: Advanced Analytical and Computational Methods in Mathematical Physics (Acireale, Italy) (N. Ibragimov, M. Torrisi, and A. Valenti, eds.), Kluwer, Dordrecht 1993, pp. 337–344.

[16] W.M. Seiler, SUPERCALC – a REDUCE package for commutator calculations, Comp. Phys.

Comm. 66 (1991), 363–376.

[17] , Analysis and application of the formal theory of partial differential equations, Ph.D.

thesis, School of Physics and Materials, Lancaster University, 1994.

[18] , On the arbitrariness of the general solution of an involutive partial differential equation, J. Math. Phys. 35 (1994), 486–498.

[19] , Applying AXIOM to partial differential equations, Internal Report 95-17, Universität Karlsruhe, Fakultät für Informatik, 1995.

[20] , Arbitrariness of the general solution and symmetries, Acta Appl. Math. 41 (1995), 311–322.

[21] , Involution and constrained dynamics II: The Faddeev-Jackiw approach, J. Phys. A 28 (1995), 7315–7331.

[22] , Numerical analysis of constrained Hamiltonian systems and the formal theory of differential equations, Math. Comp. Simul. to appear (1997).

[23] W.M. Seiler and R.W. Tucker, Involution and constrained dynamics I: The Dirac approach, J. Phys. A 28 (1995), 4431–4451.

[24] , Quantization of the reduced phase space of the two-dimensional dilaton gravity, Phys.

Rev. D 53 (1995), 4366–4373.

[25] Ph. Tombal and A. Moussiaux, MACSYMA computation of the Dirac-Bergmann algorithm for Hamiltonian systems with constraints, J. Symb. Comp. 1 (1985), 419–421.

Institut für Algorithmen und Kognitive Systeme, Universität Karlsruhe, 76189 Karlsruhe, Germany E-mail address: calmet@ira.uka.de, werner.seiler@informatik.uni-karlsruhe.de