A Constructive Introduction to Involution^⋆

J. Calmet^1, Marcus Hausdorf^1, and Werner M. Seiler^2

1 Institut für Algorithmen und Kognitive Systeme

Universität Karlsruhe, 76128 Karlsruhe, Germany Email: {calmet,hausdorf}@ira.uka.de WWW: http://iaks-www.ira.uka.de/iaks-calmet 2 Lehrstuhl für Mathematik I

Universität Mannheim, 68131 Mannheim, Germany

Email: seiler@euler.math.uni-mannheim.de
WWW: http://www.math.uni-mannheim.de/~wms

Abstract. We given a constructive introduction into the theory of involutive systems of algebraic or differential equations based on a unified combinatorial point of view. Concrete algorithms for the completion of arbitrary systems to involutive ones are presented. Some applications in the context of constrained mechanical systems and numerical analysis, resp., are discussed.

1 Introduction

Involution is a very general and fundamental concept with many different aspects and applications. Usually, it does not appear on its own but in connection with other ideas. So it is not so easy to say in a few words what involution means, especially as different people use it with different meanings. One may interpret it as a special kind of completeness and we will take this point of view here, as it also has the advantage of leading to concrete algorithms.

The concept of involution has its origin in the theory of differential equations, most notable in the works of Janet [20,21] and Riquier [30] or (in the language of exterior differential systems [4]) of Cartan [6] and Kähler [22]. Only in fairly recent times it has been applied in the context of polynomial equations, too, leading to the notion of an involutive basis, a special sort of (non-reduced) Gröbner bases [9]. A rather extensive introduction into this theory can be found in [37] which stresses combinatorial aspects and also presents some applications.

For general systems of algebraic or differential equations the first and immediate task of a completion to involution is to check the consistency of the equations and thus to decide the existence of (formal)

⋆ This work has been partially supported by Deutsche Forschungsgemeinschaft and by INTAS grant 99-1222

solutions. The combinatorial nature of involution also allows us to make statements about the size of the solution space. However, involution is more than just these simple questions which could also be answered by other means.

The combinatorial decomposition implied by an involutive basis contains many important structural information. These allow us for example strong statements about the syzygy resolution or provides us with powerful tools for analysing the existence and uniqueness of solutions. In some recent works we have started to show that they are also very important for the numerical analysis of general systems of differential equations.

There exist a number of other approaches to general systems. For algebraic equations, this means mainly Gröbner bases [1,7]. As already mentioned above, involution leads to a specialisation of this theory. For differential equations, the classical theories by Janet-Riquier and Cartan-Kähler are still much studied and have been extended in various directions. Some important references are [4,12,23,29].

This article is organised as follows. The next section discusses the combinatorial approach to involution. In order not to have to distinguish all the time between algebraic and differential equations, we formulate this theory on the Abelian monoid of n-tuples with nonnegative integers as entries. In Sect. 3 these n-tuples are interpreted as the exponent vectors of monomials and we are lead to involutive bases of polynomial ideals. In the following section they become multi indices of derivatives and thus we study differential equations. After a brief discussion of a few sample applications in Sect. 5, we finally give some conclusions.

2 Combinatorial Approach to Involution

In this article we take a combinatorial approach to involution. So we start with discussing the Abelian monoid (N^n, +). Its elements are ordered n-tuples μ = [μ_1, . . ., μ_n] where all entries μ_i are nonnegative integers. We identify the n-tuples in a natural way with the vertices in an n-dimensional integer lattice. The addition is defined componentwise. We denote by N the set N = {1, . . ., n} and by N_i = {μ ∈ N^n | μ_j = kδ_{i,j} , k ∈ N} the set of all n-tuples where all entries besides μ_i vanish.

Definition 1. An involutive division L is defined on (N^n, +), if a subset N_{L,N} (ν) ⊆ N of multiplicative indices is associated to every n-tuple ν in a finite subset N ⊂ N^n such that the following two conditions on the involutive cones C_{L,N} (ν) = ν + ∑ i∈N_{L,N} (ν) Ni ⊂ N n of the terms ν ∈ N are satisfied.

1. If there exist two elements μ, ν ∈ N with C_{L,N} (μ) ∩ C_{L,N} (ν) ≠ ∅, either C_{L,N} (μ) ⊂ C_{L,N} (ν) or C_{L,N} (ν) ⊂ C_{L,N} (μ) holds.

2. If N^′ ⊂ N , then N_{L,N} (ν) ⊆ N_{L,N} ′ (ν) for all ν ∈ N^′.

The non-multiplicative indices form the complement of N_{L,N} (ν) in N and are denoted by N̄_{L,N} (ν). An involutive division is globally defined, if the assignment of the multiplicative indices is independent of the set N ; in this case we write simply N_L(ν). ⊓⊔

This seemingly abstract definition has a simple geometric interpretation. An n-tuple ν generates the cone ν + N^n in the lattice; the union of all cones generated by elements of a finite set N yields its span ⟨ N ⟩ ⊂ N^n. An involutive division L defines lower dimensional restrictions of these cones — the involutive cones. Here we are allowed to proceed only in certain directions, namely those corresponding to the multiplicative indices (see Fig. 1 below). This leads to the involutive span of the set N : ⟨ N ⟩_L = ⋃ ν∈N C_{L,N} (ν) . (1) An alternative interpretation which explains the terminology “involutive division” is the following. We say for n-tuples μ, ν that μ divides ν, if ν ∈ μ + N^n (i. e. μ_i ≤ ν_i for all i). Given an involutive division L and a set N ⊂ N^n such that μ ∈ N , μ is an involutive divisor of ν (with respect to L and N ), if ν ∈ C_{L,N} (μ). Thus an involutive division introduces a restricted divisibility relation on N^n.

Example 2. One classical example of a globally defined involutive division is the Pommaret division P . It assigns the multiplicative indices according to the following simple rule: if k ∈ N is the smallest index such that μ_k > 0, then N_P (μ) = {1, . . ., k}.

Another important example is the Janet division J. In order to define it, we must introduce certain subsets of the given set N ⊂ N^n: (d_k, . . ., d_n) = { μ ∈ N | μ_i = d_i , k ≤ i ≤ n } . (2)

Now the index n is multiplicative for a μ ∈ N , if μ_n = max_{ν∈N} {ν_n}. The index k < n is multiplicative for an n-tuple μ ∈ (d_{k+1}, . . ., d_n), if μ_k = max_{ν∈(dk+1 ,...,dn)} {ν_k }. Obviously, the assignment of the multiplicative indices depends here on the set N . ⊓⊔

Definition 3. The finite set N ⊂ N^n is called involutive for the division L, if ⟨ N ⟩_L = ⟨ N ⟩. N is a minimal involutive basis of ⟨ N ⟩, if the union in (1) is disjoint, i. e. there are no intersections between the involutive cones. We call any finite set N ⊂ N^′ ⊂ N^n such that ⟨ N^′ ⟩_L = ⟨ N ⟩ an involutive completion of N . ⊓⊔

Minimal involutive bases yield a decomposition of the span of a set N into disjoint cones of varying dimensions. This is useful for many combinatorial applications. As a simple example we consider the following problem: determine the number H(q) of n-tuples μ contained in ⟨ N ⟩ with |μ| = μ_1 + · · · + μ_n = q for some fixed integer q ≥ 0. For an arbitrary set N this can be a rather complicated task.

Assume that we know a minimal involutive basis N^′ of ⟨ N ⟩ for some involutive division L. If we denote q_ν = |ν| and k_ν = |N_{L,N} ′ (ν)| (i. e. the number of multiplicative indices of ν), then for any q ≥ q_ν the cone C_{L,N} ′ (ν) contains (_{q−qν +kν −1} k_ν −1 ) n-tuples of length q. As for a minimal involutive basis the union in (1) is disjoint, we obtain H(q) by a simple summation over all elements ν ∈ N^′.

Lemma 4. If N is an involutive set, there exists a subset N^′ ⊆ N such that N^′ is a minimal involutive basis of ⟨ N ⟩.

Proof. The proof represents a nice motivation for the two conditions in Def. 1 of an involutive division. If N is not yet a minimal involutive basis, the union in (1) cannot be disjoint. Thus there must exist involutive cones which intersect. By the first condition, this implies that some cones are contained in other ones; no other form of intersection is possible. If we eliminate the corresponding elements of N , we get a subset N^′ ⊂ N which has by the second condition the same involutive span, as the remaining elements may only gain additional multiplicative indices. Thus after a finite number of such eliminations we get a minimal involutive basis. ⊓⊔

Example 5. Figure 1 demonstrates the geometric interpretation of involutive divisions for n = 2. In both diagrams one can see the span of

[0, 2]

[2, 0]

[0, 2]

[2, 0]

[2, 1]

Fig. 1. Left: intersecting cones. Right: involutive cones.

the set N = {[0, 2], [2, 0]}; the vertices belonging to it are marked by dark points. The arrows represent the multiplicative indices, i. e. the “allowed directions”. Obviously the full cones of the two elements of N intersect in the dark shaded area. The right diagram shows a minimal involutive basis of ⟨ N ⟩ for both the Janet and the Pommaret division. We must add to N the element [2, 1] and both for this element and for [2, 0] only the index 1 is multiplicative. One can clearly see how ⟨ N ⟩ is decomposed into three disjoint cones: one of dimension 2, two of dimension 1. ⊓⊔

Under certain, rather technical conditions on the chosen involutive division L we can construct an involutive basis with the simple algorithm shown in Fig. 2 [9,37]. It requires a total order ≺_s on N^n (compatible with the monoid structure) and proceeds as follows. For any n-tuple in the set N it studies all the n-tuples one gets if one increases the entry corresponding to one of the non-multiplicative indices. If some of these are not yet contained in the involutive span of N , the minimal one with respect to ≺_s is added to N . One can show that if the input set is autoreduced, i. e. no element divides another one, the output is in fact a minimal involutive basis.

In Example 5 above, this algorithm needs precisely one iteration where it analyses the non-multiplicative index 2 for the tuple [2, 0]. Obviously, the tuple [2, 1] does not lie in the involutive span ⟨ N ⟩_L and thus must be added. This yields the involutive completion shown in the right half of Fig. 1.

Algorithm: Involutive completion Input: Finite subset N ⊂ N^n, involutive division L, order ≺s Output: Involutive basis of ⟨ N ⟩

/1/ repeat /2/ S ← { ν + 1i | ν ∈ N , i ∈ N̄L,N (ν), ν + 1i /∈ ⟨ N ⟩L } /3/ N ← N ∪ {min≺_s S} /4/ until S = ∅ /5/ return N

Fig. 2. Completion in (N^n, +)

3 Involutive Systems of Algebraic Equations

Let P = K[x_1 , . . ., x_n] be a polynomial ring over the field K. Then the set of all power products T = {x^μ = x^{μ1}_1 · · · x^{μn}_n | μ ∈ N^n} equipped with the usual multiplication is obviously isomorphic as an Abelian monoid to (N^n, +). So we can directly apply the theory developed in the last section to monomial ideals; especially we can use the algorithm in Fig. 2 to effectively compute involutive bases of such ideals. It is this application which has lead to the term “multiplicative” indices and where it becomes obvious why we speak of an involutive “division”.

In order to define involutive bases for arbitrary polynomial ideals, we need besides an involutive division L one additional ingredient familiar from Gröbner bases [1,7]: a term order ≺, i. e. a total order on the set T such that 1 is the smallest element of T and that x^μ ≺ x^ν implies x^{μ+ρ} ≺ x^{ν+ρ} for all ρ.^1 Given an arbitrary polynomial p ∈ P, its initial term in_≺p is defined as its largest term with respect to the order ≺; for a set F ⊂ P of polynomials we define in_≺F = {in_≺p | p ∈ F}. If F is finite, we can assign to each p ∈ F a set of multiplicative variables X_{L,≺,F} (p) ⊂ {x_1, . . ., x_n}: let N = {μ ∈ N^n | x^μ = in_≺p for some p ∈ F}; if in_≺p = x^μ, then X_{L,≺,F} (p) = {x_i | i ∈ N_{L,N} (μ)}. Definition 6. Let I ⊂ P be an ideal. An involutive basis of the ideal I for the involutive division L and the term order ≺ is a finite subset

1 In other words the order must be compatible with the monoid structure of T.

H = {p_1, . . ., p_r} ⊂ I such that I = r∑ α=1 K[X_{L,≺,H} (p_α)] · p_α . (3) (Note that we do not require that the sum is direct.) ⊓⊔

One should remark that in the algorithm of Fig. 2 the selection order ≺_s is only needed for technical reasons and that – perhaps surprisingly – its choice does not affect the final result. In Def. 6 the term order ≺ plays as important a role as for Gröbner bases and different term orders will in general yield different bases. This is demonstrated by Theorem 8 below.

Definition 7. A polynomial p ∈ P is in involutive normal form with respect to a finite set F ⊂ P, an involutive division L and a term order ≺, if no term contained in p lies in the involutive span ⟨ in_≺F ⟩_L, i. e. no term in p can be obtained by multiplying one of the initial terms in F by multiplicative variables only. The set F is involutively autoreduced, if each polynomial p ∈ F is in involutive normal form with respect to F \ {p}. The involutive basis H is called minimal, if it is involutively autoreduced and if in_≺H is a minimal involutive basis of the monomial ideal in_≺I. ⊓⊔

These definitions are completely analogous to the corresponding ones in Gröbner theory. The only difference is that the standard divisibility relation of monomials is replaced by the involutive division L. So we can use exactly the same algorithms as usual to compute a normal form; in general, they will, however, perform less reduction steps due to the restricted divisibility. For minimal involutive bases the sum in (3) is direct and thus every element in I possesses a unique involutive normal form.

Theorem 8. A minimal involutive basis of an ideal I with respect to an arbitrary involutive division L and a term order ≺ is a (in general non-reduced) Gröbner basis of I for the order ≺.

One can extend the algorithm in Fig. 2 so that it determines an involutive basis for arbitrary ideals and not just for monomial ones. Essentially, we follow precisely the same strategy: we check what happens if we multiply an element of our basis by one of its non-multiplicative variables. The decision whether the result lies in the involutive span of the basis requires now an involutive normal form computation.

In pseudocode this yields the algorithm depicted in Fig. 3. It requires two subalgorithms to determine involutive normal forms and for involutive autoreductions; because of their simplicity and analogy with the classical case we omit their precise form. Due to the consequent use of involutive autoreduction our algorithm even returns a minimal involutive basis of the ideal generated by H.

Algorithm: Polynomial Completion

Input: Finite subset H ⊂ P, involutive division L, term orders ≺, ≺s Output: Minimal involutive basis of the ideal ⟨ H ⟩

/1/ H ← InvAutoReduceL,≺(H) /2/ repeat /3/ S ← { x · p | p ∈ H, x ∈ X̄L,H (p) } /4/ repeat /5/ q̄ ← min≺_s S /6/ S ← S \ {q̄} /7/ q ← InvNormalFormL,≺(q̄, H) /8/ until (q ≠ 0) or (S = ∅) /9/ if q ≠ 0 then H ← InvAutoReduceL,≺(H ∪ {q})

/10/ else return H end if

/11/ until F ALSE

Fig. 3. Completion for polynomial ideals

Note that two different term orders appear. The selection order ≺_s is only used to choose the element q̄ in line /5/; it has no further significance and can be chosen completely independent of the term order ≺ used to define the initial terms of the polynomials and thus strongly influencing the output.

Because of Theorem 8, this algorithm may be used as an alternative to the one by Buchberger for computing Gröbner bases. Experiments seem to indicate that it is in fact highly competitive and often faster. A heuristic explanation of this observation could be that one may consider the algorithm in Fig. 3 as a special sort of “Hilbert driven” completion which is known to be very efficient.

It follows from the considerations in the last section that one can trivially determine the Hilbert function of an ideal I as soon as one has got a minimal involutive basis of it, as this corresponds to the computation of the function H(q) counting the number of monomials of degree q contained in the ideal in_≺I [7]. Any involutively autoreduced basis of I provides us with a “guess” of the true Hilbert function, more precisely with a guess that is always less than or equal to the right answer. We have finished as soon as the guess is the right Hilbert function and our algorithm does nothing else than to check in each iteration whether there still exist some monomials in in_≺I that are not contained in the involutive span ⟨ in_≺H ⟩_L and thus not counted by our trial Hilbert function.

Example 9. We demonstrate the algorithm of Fig. 3 with the simple ideal I = ⟨ x_1 + x_2, x_1x_2 − 1 ⟩ (the solutions are cyclic 2-roots). We want to compute an involutive basis of it for the Janet division J (see Example 2) and the degree reverse lexicographic order; the initial terms for this order are always underlined.

We first determine the multiplicative variables of each polynomial: X_{J,in≺I} (x_1 + x_2) = {x_2} and X_{J,in≺ I} (x_1x_2 − 1) = {x_1, x_2}. Thus in the first iteration of the algorithm only one non-multiplicative product must be studied: x_1 · (x_1 + x_2) = x^2_1 + x_1x_2. One (unique) involutive reduction yields the involutive normal form x^2_1 + 1; this polynomial must be added to our basis.

In this special case the sets of multiplicative variables for the original two polynomials in the basis do not change; for the new generator we obtain X_{J,in≺I} (x^2_1 + 1) = {x_1}. Thus there arises only one new nonmultiplicative product: x_2 · (x^2_1 + 1) = x^2_1x_2 + x_2. However, it is easy to see that this polynomial can be reduced to zero with two involutive reductions and the algorithm terminates with the involutive basis H = {x_1 + x_2, x_1x_2 − 1, x^2_1 + 1}.

For the Pommaret division the situation is even simpler. An involutive autoreduction leads to the generators x_1 + x_2 and x^2_1 + 1 which form already an involutive basis, as the involutive normal form of the only arising non-multiplicative product x^2_1x_2 + x_2 is zero. ⊓⊔

If we drop the linear polynomial in this example and consider only the ideal generated by x_1x_2 − 1, then it does not possess a finite Pommaret basis, i. e. our algorithm does not terminate. In contrast, the Janet division is Noetherian which means that the algorithm terminates for any finite input set H. The non-termination for the Pommaret division is due to the use of “bad” coordinates x_1, x_2; this is the so-called problem of δ-regularity [37]. One can show that for generic coordinates, the algorithm will always terminate but that for certain singular coordinate systems no finite Pommaret basis exists. In our case one may use for example the coordinates y_1 = x_1 +x_2 and y_2 = x_1 −x_2.

4 Involutive Systems of Differential Equations

One straightforward way to apply the results of Sects. 2 and 3 to differential equations is to consider the ring D of linear differential operators over some function field F (for example, F = R(x_1, . . ., x_n), the field of rational functions in the variables x_1, . . ., x_n with real coefficients). We identify in a natural way the set D = {∂^μ = ∂^{μ1}_{x1} · · · ∂^{μn}_{xn} | μ ∈ N^n} with N^n as an Abelian^2 monoid and need only a term order ≺ on D to define involutive bases analogously to the algebraic case. We can even use the algorithm in Fig. 3 for determining the bases. In fact, this approach is possible not only for linear differential operators but for any Ore algebra which includes e. g. linear difference operators, too [37].

More general systems of differential equations can be treated within the so-called formal theory. It employs a geometric framework based on jet bundles [31] to study differential equations in an intrinsic, i. e. coordinate independent way. It is beyond the scope of this article to give an in-depth introduction to this theory; for details we must refer to the literature [26,33].

Let X, U be two manifolds (or simply open subsets of R^n and R^m) with coordinates x_i (1 ≤ i ≤ n) and u_α (1 ≤ α ≤ m), respectively. A jet is a truncated Taylor series of a function f : X → U; the q-th order jet bundle J_q(X, U) consists of all series truncated at order q. So coordinates of the q-jet of such a function f are (x_i; u_α; p_{α,μ}) with multi indices μ ∈ N^n of length |μ| ≤ q. Here x ∈ X denotes the expansion point of the series, u = f(x) ∈ U the value of the function f at this point and p_{α,μ} = ∂^{|μ|}f_α/∂x^{μ1}_1 · · ·∂x^{μn}_n (x) the value of the derivative corresponding to the multi index μ of the function f at the point x.

A differential equation of order q can be defined geometrically as a (fibred) submanifold R_q ⊂ J_q(X, U). Locally, it is represented as the zero set of some functions ϕ_τ : J_q(X, U) → R (τ = 1, . . ., p); thus

2 Of course the ring of linear differential operators is non-commutative; but the “monomial” operators contained in D commute.

we recover the familiar description ϕ_τ (x_i, u_α, p_{α,μ}) = 0. There exist now two natural geometric operations with a differential equation R_q: projection and prolongation.

From the definition of a jet bundle it is obvious that we have natural projections π^{q+r}_q : J_{q+r}(X, U) → J_q(X, U) which just “forget” the higher order Taylor coefficients. The projections can be restricted to submanifolds; however, a description in local coordinates is not so easy, as it requires a generally nonlinear elimination of the derivatives of order higher than q from the functions ϕ_τ .

Prolongation corresponds to taking total derivatives. If R_q is locally given by the equations ϕ_τ = 0, we can define the differential equation R_{q+1} ⊂ J_{q+1}(X, U) locally given by the equations ϕ_τ = 0 and D_iϕ_τ = 0 (for all 1 ≤ i ≤ n) with the total derivative

D_iϕ_τ = ∂ϕ_τ ∂x_i + m∑ α=1 ∂ϕ_τ ∂u_α p_{α,1i} + m∑ α=1 ∑ |μ|≤q ∂ϕ_τ ∂p_{α,μ} p_{α,μ+1i} . (4)

One might expect that first prolonging r times a differential equation R_q to obtain R_{q+r} ⊂ J_{q+r} (X, U) and then projecting it back to its original order will recover R_q. However, in general this is not true; instead one will obtain a submanifold R^{(r)}_q = π^{q+r}_q (R_{q+r}) ⊆ R_q. This is the geometric version of integrability conditions!

The existence of such conditions presents a serious obstacle for the algorithmic construction of formal power series solutions. Only if at no order of prolongation any integrability condition appears, it is straightforward to build formal solutions order by order.

Definition 10. The differential equation R_q is formally integrable, if for all integers r ≥ 0 the equality R^{(1)}_{q+r} = R_{q+r} holds. ⊓⊔

For ordinary differential equations this concept completely suffices to tackle all formal problems with general systems. For partial differential equations we encounter the question of how to check formal integrability, as the condition in Def. 10 is infinite. Here involution enters the scene. But in order to be able to apply the theory of Sect. 2 we need first to introduce an algebraic structure.

Definition 11. Let the differential equation R_q ⊂ J_q(X, U) be locally given by the equations ϕ_τ (x, u, p) = 0. The symbol M_q of R_q is defined as the solution space of the homogeneous linear system of equations

M_q : {_n ∑ α=1 ∑ μ=q ∂ϕ_τ ∂p_{α,μ} v_{α,μ} = 0 , τ = 1, . . ., p (5)

in the unknowns v_{α,μ} with α = 1, . . ., m and multi indices μ ∈ N^n with |μ| = q (i. e. one unknown for each derivative p_{α,μ} of maximal order). The matrix of the linear system (5) is called symbol matrix. ⊓⊔

This definition is most easily understood for linear differential equations. Here (5) corresponds to taking the principal part of the equations only, i. e. to discarding all lower order derivatives. For nonlinear equations we linearise by differentiating ϕ_τ .

Now we perform a combinatorial analysis of the symbol matrix along the lines of Sect. 2. A rigorous mathematical formulation would require too much overhead, so we give here a more intuitive description. The role of terms are played by the unknowns v_{α,μ}. We must consider not only the symbol M_q of R_q but in fact the symbols M_{q+r} of all prolonged differential equations R_{q+r}. These are defined as the solution spaces of the linear systems

M_{q+r} : {_n ∑ α=1 ∑ μ=q ∂ϕ_τ ∂p_{α,μ} v_{α,μ+ν} = 0 , τ = 1, . . ., p , |ν| = r . (6)

Obviously, the matrices of these systems grow rapidly. We can produce a row of the matrix of the symbol M_{q+1} by prolonging a row of the matrix of the symbol M_q with respect to a variable x_i which means nothing else than replacing any unknown v_{α,μ} by v_{α,μ+1i} . Iteration of this construction yields (6).

Def. 6 of an involutive basis required a term order. We define the class of an unknown v_{α,μ} as the smallest integer k such that μ_k > 0. A term order ≺ such that v_{α,μ} ≺ v_{β,ν} whenever the class of v_{α,μ} is less than the class of v_{β,ν} , is called class respecting.

Definition 12. The symbol M_q is called involutive, if the rows of its matrix (possibly after some elementary row operations) form an involutive basis of the set generated by all rows of all prolonged symbol matrices with respect to a class respecting term order and the Pommaret division (cf. Example 2). ⊓⊔

One can show that it suffices for checking involution of a symbol to compare the matrices of M_q and M_{q+1} (such a “locality property” is also the basis of the algorithms presented in Figs. 2 and 3). In practice one proceeds as follows. One takes (5) and transforms the system with some linear operations in a row echelon form; the unknowns must remained ordered according to a class respecting term order during this transformation. Then we define the class of a row in the system as the class k of its pivot (or initial term) and assign the multiplicative variables x_1, . . ., x_k. M_q is now involutive, if we obtain all equations defining M_{q+1} by prolonging each row only with respect to its multiplicative variables.

Definition 13. The differential equation R_q is involutive, if it is formally integrable and if its symbol M_q is involutive. ⊓⊔

At first sight we have not gained much, as we still have no finite criterion for formal integrability and so it seems to be impossible to check algorithmically whether or not R_q is involutive. But this is not true. The combinatorial properties of an involutive basis are so strong that we obtain the following finite criterion for involution.

Theorem 14. The differential equation R_q is involutive, if and only its symbol M_q is involutive and if R^{(1)}_q = R_q.

This criterion requires only a comparison of the differential equations R_q and R_{q+1} plus their symbols. To test whether or not a symbol is involutive requires only linear algebra. To check algorithmically whether R^{(1)}_q = R_q depends on how the equations are defined. If the functions ϕ_τ are, for example, polynomial in their arguments, the equality can be effectively checked with Gröbner techniques.

The Cartan-Kuranishi theorem asserts that any differential equation R_q can be completed in a finite number of steps to an equivalent involutive one of the form R^{(s)}_{q+r}. The proof of the theorem even provides a constructive method for the completion shown in Fig. 4.

Fig. 4 contains more a sketch of an algorithm than really an algorithm. It is a very high level description and for some steps, most notably the evaluation of the equality in line /5/, it is not so clear how they can be performed effectively for arbitrary systems. For linear or polynomial systems it is comparatively straightforward to turn the sketch into a real algorithm.

Algorithm: Cartan-Kuranishi completion Input: differential equation Rq Output: involutive differential equation R^{(s)}_{q+r}

/1/ r ← 0, s ← 0 /2/ repeat /3/ while M^{(s)}_{q+r} is not involutive do /4/ r ← r + 1 /5/ involutive ← ( R^{(s+1)} q+r = R^{(s)}_{q+r} ) /6/ if not(involutive) then s ← s + 1 /7/ until involutive

Fig. 4. Cartan-Kuranishi completion of differential equations

Example 15. As an example for the Cartan-Kuranishi completion we consider the incompressible Navier-Stokes equations. They are a second order system in the independent variables t, x, y, z and the dependent variables p, u = (u, v, w) and take in vector notation the form

R_2 : { u_t + (u · ∇)u − Δu + ∇p = 0 , ∇ · u = 0 . (7) Obviously, we are dealing here with equations of differing order, as the incompressibility condition is only first order. The Navier-Stokes equations are in so far a simple example, as in every iteration of the outer loop we get an equation with involutive symbol, so that we can ignore the inner loop.

The first iteration leads to the equation R^{(1)}_2 which is made up of all equations in (7) plus all prolongations of the first order equation, i. e. four additional equations. These represent in a certain sense trivial integrability conditions. In the next iteration we encounter a true integrability condition. Taking the divergence of the first (vector) equation in (7) yields a third order equation. Since ∇ · Δu = Δ∇ · u, the third order terms can be eliminated using the prolongations of the trivial integrability conditions of the last iteration. The term ∇ · u_t also vanishes as a consequence of these equations and we obtain the integrability condition Δp + ∇ · (u · ∇)u = 0 . (8)

A careful calculation shows that this is in fact the only arising new equation which must be added in order to obtain the involutive equation R^{(2)}_2 . ⊓⊔

5 Some Applications

The theory presented in the previous sections might appear rather abstract and difficult. However, simplified versions of it have been rediscovered many times in different fields of science. So actually the concepts seem to be rather natural. In this article we will briefly discuss only two applications concerning differential equations, namely mechanical systems with constraints [35,39] and the numerical analysis of differential algebraic equations [36,38]. For the algebraic side we recall that involutive bases are also Gröbner bases for which many important applications exists. Some further results specific to involutive bases can be found in [37].

Constrained dynamics is of central importance in physics and most engineering disciplines. The modeling of many systems leads to the appearance of constraints with the effect that the equations of motion (or field equations in the infinite-dimensional case) are no longer normal: in the case of ordinary differential equations some of the equations of motion might be algebraic; in the case of partial differential equations the field equations are no longer in Cauchy-Kowalevsky form. This in turn implies the possible existence of hidden constraints, namely integrability conditions.

In the literature, one can find many so-called constraint algorithms determining all these hidden constraints. In our language this is nothing else than a completion to involution. However, most algorithms found in the literature apply only to ordinary differential equations. This is easy to understand: for partial differential equations one needs the full theory developed in the previous sections; for ordinary differential equations the theory simplifies drastically.

The symbol of an ordinary differential equation is always involutive, as there exists only one independent variable. Thus we can skip the inner loop of the algorithm in Fig. 4. The outer loop can be brought into a simpler and more efficient version. This is due to the fact that for ordinary differential equations integrability conditions can only arise from the prolongation of lower order equations.

Instead of prolonging first and then projecting back, it is more efficient to reverse the order of operations and project first. This corresponds to effectively determining all lower order equations. Then these are prolonged and it must be checked whether the prolonged equations reduce to zero modulo the original equations. If not, an integrability condition has been found.

Example 16. As a simple example we consider (in Cartesian coordinates) a planar pendulum in a homogeneous gravitational field. It can be described by the Lagrangian L(x, y, ẋ, ẏ) = m 2 (ẋ^2 + ẏ^2) − mgy (9)

for a free particle moving in the gravitational field plus the externally imposed constraint ϕ(x, y) =^1_2 (x^2 + y^2 − l^2) = 0. Here m is the mass of the pendulum bob, g the gravitational acceleration and l the length of the pendulum.

Constrained variation yields the following Euler-Lagrange equations containing a Lagrangian multiplier λ (which can be interpreted as the amplitude of the constraint force needed to keep the pendulum bob on its circle) ẍ = λx , ÿ = λy − mg , 1 2 (x^2 + y^2 − l^2) = 0 . (10)

This represents a differential equation R_2 ⊂ J_2(X, U) where X is onedimensional with the coordinate t and U is three-dimensional with coordinates x, y, λ. R_2 is obviously not normal, as it contains equations of different orders, and we will now complete it to involution.

Projection yields an equation R^{(1)}_1 defined by the last equation in (10). Prolonging it produces the new equation xẋ + yẏ = 0; thus R^{(1)}_2 is made up of the original three equations plus this one. In the next projection-prolongation cycle we must do some eliminations: we obtain first xẍ+ yÿ + ẋ^2 + ẏ^2 = 0, but the second order derivatives can be eliminated using (10): ẋ^2 + ẏ^2 + λ(x^2 + y^2) − mgy = 0. Adding this equation to R^{(1)}_2 yields R^{(2)}_2 . One further such cycle shows that we have still not finished but that we must add (x^2+y^2)(λ̇+2λ)−mg(ẏ+2y) = 0 to obtain finally the involutive equation R^{(3)}_2 . ⊓⊔

A practical implementation of similar ideas for the Dirac theory of constrained Hamiltonian system using Gröbner bases was presented in [10]. It should however be noted that there the differential completion is not done using involutive techniques; for this reason only finitedimensional systems can be treated. The Gröbner bases are applied for deciding whether or not the prolonged equations can be reduced to zero. A full discussion of the Dirac theory in the context of involution can be found in [35,39].

Constrained mechanical systems are typical examples of what in numerical analysis is nowadays often called differential algebraic equations [3]: systems of ordinary differential equations of differing order. In applications one deals typically with first order equations and the lower order ones are then algebraic. From the involutive point of view this is just a slight generalisation of the situation above in that we make now no special assumptions about the form of the differential equations we treat.

A fundamental concept in the theory of differential algebraic equations is given by the index. It is used as a measure for the difficulties one has to expect in the numerical integration. In the literature one can find a large number of different indices; for an overview we refer to [5]. The so-called differentiation indices are closely related to the completion to involution. Basically they just count the number of prolongations needed for the completion [35,36].

The articles [27,28] present an intrinsic geometric approach to the differentiation index. They use the language of tangent bundles, whereas the formal theory is formulated in terms of jet bundles. But the translation of one formalism into the other one is trivial using the contact structure of jet bundles. It should, however, be noted that the theory presented in [27,28] applies only to ordinary differential equations, as it ignores the symbol and only considers formal integrability. We have seen above that a finite criterion for partial differential equations requires involution of the symbol.

In contrast, the approach presented in [36] based on the formal theory can be applied to arbitrary systems of partial differential equations. In fact, this work contains the first general definition of a differentiation index for partial differential equations that does not require either a semidiscretisation or an integral transform. Previous attempts to define indices in this general situation always relayed on a reduction to a differential algebraic equation and the result depended on the precise way the reduction was performed.

Example 17. We take again the incompressible Navier-Stokes equations of Example 15. We have seen above that the Cartan-Kuranishi completion needs two prolongations to obtain an involutive system. So we define the involution index of the incompressible Navier-Stokes equations as 2. According to a conjecture made in [38] this implies that any semidiscretisation of them will lead to a differential algebraic equation with an index of at least 2. For this special example this was in fact proven in [40]. ⊓⊔

6 Conclusions

Involution is unfortunately still a rather unknown concept despite its fundamental importance. For algebraic equations it provides not only an interesting alternative to Buchberger’s algorithm for the construction of Gröbner bases, there also some applications like the determination of the Hilbert function or the syzygy theory where involutive bases seem to be clearly superior to classical Gröbner bases.

In the case of differential equations, most books and articles concentrate either on scalar equations or on normal systems satisfying the conditions of the Cauchy-Kowalevsky theorem. But there exist many important systems which are not normal; most notable examples are the Maxwell equations of electrodynamics or the incompressible Navier-Stokes equations in fluid dynamics. Similarly, many problems in differential geometry or control theory are described by overdetermined systems. Within computer algebra the main source of such systems are the determining systems in Lie symmetry theory [2,25].

Most application problems are not solved by a completion to involution; but such a completion will make the solution of most problems considerably easier. This is well-known in Commutative Algebra: once a Gröbner basis has been computed for a given ideal, most operations with the ideal are fairly straightforward. The concept of involution allows to extend this idea to differential equations.

An important aspect for concrete applications is the existence of reliable implementations. An Axiom implementation of the geometric completion theory of differential equations was presented in [32,34]. It was based on a direct translation of the algorithm in Fig. 4 and thus rather inefficient; it is no longer maintained.

Recently, we have developed within MuPAD [8,24] an object oriented environment for differential equations [14] that allows for an easy implementation of sophisticated application packages. Among the first applications is besides a Lie symmetry package [16] a completion package for linear and polynomial differential equations [15]. While also implementing the geometric theory, it is based on a new hybrid completion algorithm [13,17] that combines the algorithms of Figs. 3 and

4 into one efficient realisation of the Cartan-Kuranishi completion. All these packages and programs will be part of the next release 2.0 of MuPAD^3 due later this year.

Several implementations of involutive techniques are currently under way by different groups. Some results have been presented in [11,29]. Within the context of Lie symmetry there also exist a number of completion packages for differential equations on the basis of various mathematical theories. Some are mentioned in the review articles [18,19].

References

1. Th. Becker and V. Weispfenning. Gröbner Bases. Springer-Verlag, New York, 1993.

2. G.W. Bluman and S. Kumei. Symmetries and Differential Equations. Applied Mathematical Sciences 81. Springer-Verlag, New York, 1989.

3. K.E. Brenan, S.L. Campbell, and L.R. Petzold. Numerical Solution of Initial- Value Problems in Differential-Algebraic Equations. Classics in Applied Mathematics 14. SIAM, Philadelphia, 1996.

4. R.L. Bryant, S.S. Chern, R.B. Gardner, H.L. Goldschmidt, and P.A. Griffiths.

Exterior Differential Systems. Mathematical Sciences Research Institute Publications 18. Springer-Verlag, New York, 1991.

5. S.L. Campbell and C.W. Gear. The index of general nonlinear DAEs. Numer.

Math., 72:173–196, 1995.

6. E. Cartan. Les Systèmes Différentielles Extérieurs et leurs Applications Géométriques. Hermann, Paris, 1945.

7. D. Cox, J. Little, and D. O’Shea. Ideals, Varieties, and Algorithms. Undergraduate Texts in Mathematics. Springer-Verlag, New York, 1992.

8. B. Fuchssteiner et al. MuPAD — Multi Processing Algebra Data Tool.

Birkhäuser, Basel, 1993.

9. V.P. Gerdt and Yu.A. Blinkov. Involutive bases of polynomial ideals. Math.

Comp. Simul., 45:519–542, 1998.

10. V.P. Gerdt and S.A. Gogilidze. Constrained Hamiltonian systems and Gröbner bases. In V.G. Ghanza, E.W. Mayr, and E.V. Vorozhtsov, editors, Computer Algebra in Scientific Computing — CASC ‘99, pages 139–146. Springer, Berlin, 1999.

11. V.P. Gerdt, V.V. Kornyak, M. Berth, and G. Czichowski. Construction of involutive monomial sets for different involutive divisions. In V.G. Ghanza, E.W. Mayr, and E.V. Vorozhtsov, editors, Computer Algebra in Scientific Computing — CASC ‘99, pages 147–157. Springer, Berlin, 1999.

12. D.H. Hartley and R.W. Tucker. A constructive implementation of the Cartan- Kähler theory of exterior differential systems. J. Symb. Comp., 12:655–667, 1991.

13. M. Hausdorf. Geometrisch-Algebraische Vervollständigung Allgemeiner Systeme von Differentialgleichungen. Master’s thesis, Fakultät für Informatik, Universität Karlsruhe, 2000.

3 Available from the web site http://www.mupad.de.

14. M. Hausdorf and W.M. Seiler. Differential equations in MuPAD I: An objectoriented environment. Internal Report 2000-17, Universität Karlsruhe, Fakultät für Informatik, 2000.

15. M. Hausdorf and W.M. Seiler. Differential equations in MuPAD II: A completion package. In preparation, 2000.

16. M. Hausdorf and W.M. Seiler. Differential equations in MuPAD III: A Lie symmetry package. In preparation, 2000.

17. M. Hausdorf and W.M. Seiler. An efficient algebraic algorithm for the geometric completion to involution. Preprint Universität Mannheim, 2000.

18. W. Hereman. Review of symbolic software for the computation of Lie symmetries of differential equations. Euromath Bull., 2:45–82, 1994.

19. W. Hereman. Symbolic software for Lie symmetry analysis. In N.H. Ibragimov, editor, CRC Handbook of Lie Group Analysis of Differential Equations, Volume 3: New Trends in Theoretical Development and Computational Methods, chapter 13. CRC Press, Boca Raton, Florida, 1995.

20. M. Janet. Sur les Systèmes d’Équations aux Dérivées Partielles. J. Math. Pure Appl., 3:65–151, 1920.

21. M. Janet. Leçons sur les Systèmes d’Équations aux Dérivées Partielles. Cahiers Scientifiques, Fascicule IV. Gauthier-Villars, Paris, 1929.

22. E. Kähler. Einführung in die Theorie der Systeme von Differentialgleichungen.

Teubner, Leipzig, 1934.

23. E. Mansfield. Differential Gröbner Bases. PhD thesis, Macquarie University, Sydney, 1991.

24. W. Oevel, F. Postel, G. Rüscher, and S. Wehmeier. Das MuPAD-Tutorium.

Springer-Verlag, Berlin, 2000.

25. P.J. Olver. Applications of Lie Groups to Differential Equations. Graduate Texts in Mathematics 107. Springer-Verlag, New York, 1986.

26. J.F. Pommaret. Systems of Partial Differential Equations and Lie Pseudogroups. Gordon & Breach, London, 1978.

27. P.J. Rabier and W.C. Rheinboldt. A geometric treatment of implicit differential algebraic equations. J. Diff. Eq., 109:110–146, 1994.

28. S. Reich. On an existence and uniqueness theory for nonlinear differentialalgebraic equations. Circ. Sys. Sig. Proc., 10:343–359, 1991.

29. G.J. Reid, A.D. Wittkopf, and A. Boulton. Reduction of systems of nonlinear partial differential equations to simplified involutive forms. Eur. J. Appl. Math., 7:635–666, 1996.

30. C. Riquier. Les Systèmes d’Équations aux Derivées Partielles. Gauthier-Villars, Paris, 1910.

31. D.J. Saunders. The Geometry of Jet Bundles. London Mathematical Society Lecture Notes Series 142. Cambridge University Press, Cambridge, 1989.

32. J. Schü, W.M. Seiler, and J. Calmet. Algorithmic methods for Lie pseudogroups. In N. Ibragimov, M. Torrisi, and A. Valenti, editors, Proc. Modern Group Analysis: Advanced Analytical and Computational Methods in Mathematical Physics, pages 337–344. Kluwer, Dordrecht, 1993.

33. W.M. Seiler. Analysis and Application of the Formal Theory of Partial Differential Equations. PhD thesis, School of Physics and Materials, Lancaster University, 1994.

34. W.M. Seiler. Applying Axiom to partial differential equations. Internal Report 95–17, Universität Karlsruhe, Fakultät für Informatik, 1995.

35. W.M. Seiler. Numerical analysis of constrained Hamiltonian systems and the formal theory of differential equations. Math. Comp. Simul., 45:561–576, 1998.

36. W.M. Seiler. Indices and solvability for general systems of differential equations.

In V.G. Ghanza, E.W. Mayr, and E.V. Vorozhtsov, editors, Computer Algebra in Scientific Computing — CASC ’99, pages 365–385. Springer, Berlin, 1999.

37. W.M. Seiler. A combinatorial approach to involution and δ-regularity. Preprint Universität Mannheim, 2000.

38. W.M. Seiler. Index concepts for general systems of partial differential equations.

ZAMM, to appear, 2000.

39. W.M. Seiler and R.W. Tucker. Involution and constrained dynamics I: The Dirac approach. J. Phys. A, 28:4431–4451, 1995.

40. J. Weickert. Navier-Stokes equations as a differential-algebraic system. Preprint SFB393/96-08, Universität Chemnitz, 1996.